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Appendix A (Cont'd)

Unit 42. Fractions: Addition and Subtraction

A. Given two fractions < 1 with the same denominator, the student
adds and states if the sum is -, -, or = to l.

B. Given two fractions with the same denominator, the student sub-
tracts. (LIMIT: Addend :21:.)

Unit 43. Money 1V

A. Given a picturc of a set of U. 5. coins and bills or a statement of

- - thevaiue of some set (e.g., two dollars and thirty-five cents), the
student writes the value of the set using the dollar sign and decimal
point. (LIMIT: $10.00: 10 coins in a pictured set. )

B. Given a picture of a set of coins and bills and an item with a speci-
fied purchase price, the student indicates whether there is not
enough. just cnough, or more than enough money in the set to pur-
chase the given item. (LIMIT: $10.00: 10 coins in a pictured set.}

C. Given the price of a purchase, the amount of money given to the
salesman. and a picture of a set of coins, the student identifies
those coins which could be received as change. (LIMIT: $10.00
purchase price; 10 coins in a pictured set. )

D. Given an addition or subtraction problem involving money values,
the student solves it and labels his answer with the cent sign or
- with the dollar sign and decimal point. (LIMIT: One operation per
problem: 4 ad lends: sums to $10.00.)

E. Given a picture of two sets of coins and bills, the student writes
"+ . or = between the sets to show the relationship of the value
of the two sets. (LIMIT: $10.00: 10 coins in a pictured set.)

Unit 44. Time IV

A. Given a clock face without hands and a time stated either as "a
minutes before b'" or ""C minutes past d. ' the student draws the
hour hand and the minute hand to show the given time. (LIMIT:
I throuzh 30 minutes before the hour.)

B. Given a time statement of the form "a minutes past b, " the student
writes the time using the form "b:y. " Given a time statement of
the form "b:y, " the student writes an equivalent time statement by
completing a statement of the form " minutes past S

C. The student completes statements of the form “"There are
hours in one day.' Given a completed clock face labeled to indi-
cate the part of the day, the student writes the time in the form x:y
with the appropriate designation--a. m., p.m., noon, or midnight.
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Unit 45. Applications

A.

H.
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Given a number sentence illustrating the commutative or associa-
tive property of addition or multiplication, the student identifies
the property. Given the name ''commutative' or "associative”
and a list of operations, the student identifies those operations for
which the specified property holds. (LIMIT: Any given number
sentence illustrates a single use of a single property; operations--
addition, subtraction, multiplication, division.)

Given an addition, subtraction, multiplication, or division sentence
in which a missing addend, sum, factor, or product is represented
by n. the student solves for the value of n. (LIMIT: Sums to 99;

a one-digit factor and a one- to two-digit factor.)

Given an expression containing more than one operation, with the
order of operations indicated by parentheses, the student writes
the standard numeral for the expression. (LIMIT: Four numerals
per expression; no numeral occurs within more than one set of
parentheses: operations--addition, subtraction, multiplication,
division: sums to 99:; a one-digit and a one- to two-digit factor.)

Given a set of number sentences and a word problem which requires
two different operations, the student identifies a number sentence
appropriate to the solution of the problem. (LIMIT: Operations--
addition. subtraction, multiplication, division; an operation may be
used only once: sentences with the unknown isolated on the right
side of the equation.)

Given an addition, subtraction, or multiplication word problem and
a list of possible answers, the student rounds the given addends,
sum and addend, or the larger factor to estimate his answer and
then selects the correct estimated answer irom the given list.
(LIMIT: Four four-digit addends: sums of four digits; one-digit
factor times a three-digit factor; rounding to the nearest ten or
one hundred: no rounding to the ten thousands' place.)

Given a picture or a description of finite set and a capital letter to
name the set, the student defines the set by writing a statement of
the form A = ‘a, b, c, d, e, { *. (LIMIT: O to 10 elements.)

Given a finite set defined by a statement of the formi A = -a, b, ¢,

d. e, f:and a list of possible subsets, the student identifies those
sets which are subsets of the given set. (LIMIT: Possible subsets
must be nonempty. )

(iiven data and a grid with the scale indicated, the ztudent draws and
labels bars on the urid to complete a bar graph for tl.e given data.
{I.IMIT: One set of data per graph: 5 bars per zraph.)

a3
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Appendix A (Cont'd)

I.

Given a line graph or pictograph, the student answers questions
and solves addition and subtraction word problems based on the
graph. (LIMIT: Sums to 9. 999: one operation per word prob-

lem.)

Given a Roman numeral, the student writes the equivalent standard
numeral. (LIMIT: 2,000.)
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Abstract

This paper describes the work of LRDC staff members in develop-
ing the Individualized Mathematics (IM) program. This program, for use
in grades K-3, incorporates elements from predecessor LRDC math pro-
grams, IPI mathematics, and PEP quantification. It features the sys-
tematic use of manipulative lessons in an individualized program and the
gradual introduction of paper-und-pencil lessons. The paper describes
the overall structure of the program, including lesson and test materials
and classroom management procedures. It provides a rationalc for the
mathematics tauyght in the program by listing the pertinent descriptions
and definitions associated with selected mathematical concepts, together
with examples of instructional objectives derived from such definitions.
The paper also provides certain types of evaluation data and some conclu-
sions cancerning the general tasks of development and implementation as

derived fromn the three-year experience of the project staff.
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THE LRDC INDIVIDUALIZEDR MATHEMATICS PROJECT:
PROGRAM CONTENT. MANAGEMENT SYSTEM, AND
PROCEDURES IN DEVELOPMENT AND IMPLEMENTATION

C. M. Lindvall, Gwendolyn Dillard, Alice Hosticka,
Joseph LaPresta, Judy Light, M. Kathryn Meese,
reorge Miller, and Kathryn Pikula

l.ecarning Research and Development Center
University of Pittsburgh

Work at the l.ecarning Research and Development Center (LLRDC)
on the individualization of instruction in mathematics has involved throe
stunilicant programs: Individually Prescribed Instruction (IPI: Lindvall
& bolring 1967), the Primary Education Project (PEP) Quantification

Program (Resnick. Wang, « kaplan, {74 and Individualized Mathe-
zratics {IM). FEach of these programs was initiated partially in response
to practical needs and represented an effort to investigate certain new
ies  as to how an instructional system could be made more effuctive.
Although each had its unique characteristics, all three programs were
<losely related and have been nrutually supportive. Each of the Iatter

fwo programs built, to some exten:. on the programs that preceded it

and attempted to carrect dertain weaknesses in predecessor programs.

In a rense, these three programs can be considered as representing three
successive staves in the Center's efforts in desivrn:ng individualized ia -

structional =ystems,

TPl reoresented the LRDC's pioneering effort in desiuning a system
fosindividualizing instruction.  The cniphasis in its development was on
heidentification and nse of specific system componenis (placement tests,

¥4

proetests, curriculum-embedded tests, lesson booklets, prescription

<
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writing procedures, etc.) that permitted a classroom tcacher to imiple-

ment individualized instruction. The peneral rationale for desipning this
type of instructional system has been described by Glaser (1965), and the
basic principles which puided the identification of specific program com-

ponents have buen discussed by Lindvall and Bolvin (14967).

The PEP program was initiated. partially, as an effort to provide
an eifective program for usc in preschool, kindergarten, and grade one
(levels at which the IPI curriculum was cither nonexistent or obviously
inadequate). More importantly, however, from the point of view of in-
creasing sophistication in LRDC's approach to pragram design, it intro-
duced siznificant new compoénents. The design of the PEP curriculurn
involved the wysternatic application of keliavior analysiz procedures and
the development of hierarchies of objectives within each unit. Procedures
tollowed in this have been described by Resnick. Wanyg, and Kaplan (1973).
PEP.also introduced the planned use of manipulative materials in both
lesson rnaterials and tests. What this involves is described in a later

section of this rcport.

The IM program can be considered as an effort to take the most
successful components of both [Pl and PEP, develop more detailed pro-
cedures tfor classroom management and instructicn, and design & pro-
gram for the primary grades. In part, it developed from a need for
extending the use of procedures and materials included in the PEP pio-
gram into higher levels of instruction (grodes & and 3} and for providing
for a smcoth transition from a PEP-type curriculum, with its heavy
reliance on manipulative lessons, to a workbou!s oriented curriculum,
as in the upper levels of the IPI program. Major innovations introruced
by the IM pr iect included: (a) the careful intesration of manipulative
materials with paper-and-pencil exercises to teach a given objective;
{b) the production and nuse of uniform manipulative materials (Yboxes')
in all classrooms in the primary grades: () the development of manuals

1

(eoz., the Teacher's Manual 17 indvall, Note !} and the Testing Manual

~1



{Lindvall, Note 2]) and guidelines (e.g.. "Classroom Management of the
Individualized Mathematics Program' [Lindvall, Note 3]) which provide
detailed descriptions of the management components of the instructional
system: and (d) the attemp’ to relate the spe<ific instructional objectives
of the curriculun: to concepts, definitions, and operatinns representing
basic romponents of the content of modern rnathematics. The rationale
for the IM project’s concern for attention to all components of the instruc-
tional program or "system' is contained in "The Learring Rescarch and
Development Center Individualized Mathematics Project" {Hosticka,
Light. Lindvall. Meese., Miller, & Oles, Note 4). A rather complete -
analysis of the basic modern inath content that underlies the IM program

is provided by Hostickn (1973).

Goals of the IM Project

Work on the IM project was directed toward the achievement of cer-.
tain specified goals. These goai. may be categorized according to tlhree
types: (a) desir<: changes in pupils, (b) characteristics of the¢ proposed

rogram, and (c) basic questions to be investivzated.
pro; 4

Desired Changes in Pupils:

The ultimate, or 'payoff,'" goals for any instructional system con-
sist of the desired changes in pupils that the program is designerd to pro-
lduce. For the INM project, these zoals were identified as involving a
continuation and extension of the basic goal of [P and of other LRDC
projects. namely, that the program would be "adaptive to the require-
ments of the individual learner . . . fin such &« wav as to develop within]

the sturlent the favorable attitudes and the abilities which will enhance

the nrobahility that he will continue (o be a learner throuchout his life"

(Lindvall £ Cox. 1970, p. 34). The IN project identitied three general

aspects of this basic goal as defining the project gnuls:

ERIC
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1. The pupi! will acquire, in addition to competency in perforining
arithmetic opwrations, mastery of mathernatics content which
emphasizes hasic structwre, properties, and relations, and
will be able to dirplay this masierv at a level of understanding

whichk provides a souad basis for '"moving on' in mathematics.

2, The pupil will acquire "'study skill" abilities that permit him
or her to learn from a varipty of types of nraterials and ex-
periences and will acquire abilities in self-direction and self-
evaluatior which will enable him or her to be an effective inde-

pendent learner.

3. The pupil will acquire a "positive attitude' toward learning

and toward the study of math.

Process Goals: Characteristics of the Proposed Program

Although payoff goals define the ultimate purpose of a development
effort. the; seldom provide real direction for development activities.
To serve this latte: purpose, goals should be spelled out in arswer to
the question. "What will be the major characteristics of this proposed
program if it is to produce the results described by the payoff goals?"
These process goals are related to and derived from the payofi gonals,
but they should describe the essential qualities that will characterize the
program when it is completed. They describe the program in terms of
the major elements that will determine the "process'' to which students
are exposed as they study under this system. As such, they provide
direction for Jdevelopment efforts and major criteria for assessment of
the completed program. The process goals for the IM program include

the following:

1. The curriculum will be based on mathematics content which
emphasizes an understanding of mathematical sy.tems as well

as competency in performing operations.

9
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2. The specific objectives of the curriculum will be organized
into hierarchies within units, and units will be organized in
a structure of hierarchical relationships, in such a way as to
permit identification of prerequisite relationships and alterna-

tive instructional paths.

3. The program will provide for some variety in instructional
materials, including paper-and-pencil and manipulative activi-
tics, and provide for the progressive development of independ-

ent study skills.

4.  The program will be an instructional system made up of speci-
fied components involving materials and specific procedures

for pupil and teacher use of the materials.

It should be pointed out that these four process goals represent the
relatively unique emphasis of the IM program development effort. Since
I includes many of the components found in PEP and IPI, it shares most
of the process vovals of these programs. I However, these latter goals,
dealing largely with the desired characteristics of a system of individual-

iz instruction, did not provide direction for development ciforts unigque

to the [N propram and, hened, are not included here.

'For example, the voals of 1Bl were stated as: (11 Every pupil
makes rezular progress towards masrtery of instrucitional conrent.
(2Y E ?
mal rate. {3} Every pupil is envaged in the learning process throush
sctive inmvolvenient. () The pupil 4= iavolved in learning sctivities that

very pupil proceeds to mastery of instructional content at an opti-
1

are wholly or pariially self-directed and =c¢lf-selected. () The pupil
plays a major role in evaluating the quality, extent, and rapidity of his
prouress towards mastery »f successive areas of the lear:ing continuum.
(v} Nifferent pupils work with different learning materials andd techniques
1 < . {l.indvall

of instruction adapted to individual need- and learning
& Cox, 1970, pp. 30-34}
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Basic Questions Investipated

Since work on the IM proj=ct involved an extension and further trial
of program. components suggested by earlier LRDC development activi-
tizs, the staff also thought of its work as involving an examination of
questions or hypotheses concerning the usefulness of these components
in a program of the scope of IM, Thesec questions may be posed as fol-

lows:

1. Can manipulative materials be used by primary grade pupils
on an independent study basis under class¥oom proced’uﬁes

that can be managed by the classrocm teacher?

2. Can a hierarchical structure of units of instruction be developed
" for a relatively large segment of a curriculum (approximately
four grade levels, i.e,. K-3), and can such a structure be

used in a meaningful way by teachers and pupils”?

3, What are some of the problems encountered with respect to
production. maintenance, storage, and distribution in the

broad-scale use of manipulative lesson materials?

4. What are the essential system components with respect to
pupil procedures, teacher activities, and general classroom
management techniques for this type of individualized instruc-
tion?

Answers to these questions are provided in the later sections of

this report that describe the management system and the results from

the use of evaltuation in program development.

THE MATHEMATICAL CONTENT OF THE IM PROGRAM

In developing a curriculum in a subject matter area, the developer
must be concerned with the identification of the content that is to be

"covered' and with the behavior competernicics that a student is to be
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expected to acquire with respect to that content. Glaser (1965) has called
these concerns the tasks of developing the content repertoire and the com-
ponent repertoire, respectively. Quite obviously, in the development of

a curriculum in an established content area such as primary grade mathe-
matics, the developer is not faced with the task of defining totally new
content or component repertoires. Both the existence of established cur-
ricula that have shown a degree of success over somé period of time and
the practical requirement that any new curriculum program be integrated
into a total school program that anticipates certain outcomes from a basic
skill subject such as mathematics dictate that the developers of a new
program give careful atteition to what is taught in existing programs.

Any new mathematics curriculum then must, in a sense, be a modifica-

tion and adaptation of existing curricula.

In identifying the units of study and the specific instructional objec-
tives for the IN program, the stafi made use of a variety of resources.
Major sources of ideas were the IPI Mathematics and PEP Quantification
curricula, together with evaluative information concerning the effective-
ness of the structures of objectives in these programs. Ideas obtained
from these sources were supplemented by a careful reexamination of a
variety of other curricula, including the School Mathematics Study Group
{SMSG) series and various textbook series somewhat derived from the
SMSG experience. The objectives obtained from all of these sources
were, inturn, reviewed and edited by relating them to basic definitions
of mathematical concepts‘-and operations as provided by mathcmaticians.
This total process was a reflection of the Project's concern with the

development of a program that facilitated children's learning oi mathe-

matics.  Building on other curricula and on research and evaluative

information that provided some guidelines as to when pupils could lcarn

various concepts and as to the order in which some of :he=e should be

raught reflected the concern for effectiveness in children' . learning.

Editing these objectives on the basis of rnathematicians! dofinitions of
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concepts and operations reflected the project's interest in insuring that

what was learned was sound mathematics.

In examining this sectic « un the mathematical content of the IM pro-
gram, then. the reader should not expect to find every concept and defi-
nition listed here inciuded in a specific objective of the program. No
attempt was made to derive objectives {rom content definitions through
this type of one-to-one relationship. Rather, the content listed here in-
cludes those definitions whics the staff fuund to be of key importance in
editing their objectives for correctness, completeness, and possible
sequential dependency. The content summary was also important as a
source for suguesting certain objectives to be added to the curriculum,
In addition, it was useful in providing ideas as to how certain topics
might be orpanized and taught. For example, if the defini .on of a cen-
cept indicated that a pupil would ultimately have to understand the con-
cept in a given way, then this provided some guidance as to how the
concept should be approached at the primary grade level where less than
complete understanding was the poal. Finally. this general description
of the content of the IM program gives the interested rea'er an indica-
tion of the mathematics towards which primary grade instruction should

be directed.

The IM Program and "Modern Mathematics"

In a peneral sense, the content of the individualized MMath Program
is that which has come to be characterized as "modern mathematics. "
What is covered in this curriculum has much in common with what is
found in the elementary school textbooks prepared by the School \athe-
matics Study Group (1965) and in most of the more widely used commer-
cial texthooks that propose to teach modern mathematics. Further
direction for the LRDC effort has been provided by the rather broad
suyeestions found in the Report of the Cambridue Conference, (ioals
for School Mathematics (1963). In general, the overall geal in terms

13
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of pupil content acquisition is to have pupils acquire those abi‘ities and
unders‘andings defined by a "raodern mathematizs' program which will
permit the pupil to make an casy transition to a moderr junior high and

high school program.

The decision to base the content of the new LRDC math program on
that generally d'ej:“.cribcd as "modern math' was based on considerations

such as thn {ollowing:

1. There appears to be substantial consensus among most of the
more widely used textbook series concerning what type of content shnuld
be offered in today's elementary school. Much of this consensus appears
to derive from an acceptance of the SMSG series as providing overall

guidance as to what should be taught.

2. The focus of the LRDC development effort has been on adapting
instruction to individual differences in pupils. Because of the particular
focus of the IM project. it has looked to other prestigious groups, indi-
viduals, and ageacies for guidance in identifying the content to be taught.
A major resource of this type has to be the work of the SMSG and many
related "spin-off' efforts. The hundreds of mathematicians and teachers
involved in this effort., the amount of money and number of man-hours
invested, and the widespread use of the textbooks and other maturials
produced made the SMSG math content a basic reference point for any
new math program. [n the LRDC program, this content can be coa-

sidered as providing a basic starting point from which Joals Jor School

Mathematics (1963) and many more recent efforts such as those o
Dienes (Dienes & Golding, 1971) and others sugpest directions for addi-

tional content and experiences.

3. “"Modern rath” is not merely 2 new way of oruaniving and
teaching elemrentary and secondary schoal mathematics., It reilects

chanues in, and additinns to, the total hodv of knowledse th it ix known

14
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as mathematics. Wilder (1970), in discussing the characteristic fea-
tures of modern mathematics, said:
During the past half-century, new types of structures have
been created which not only have furnished means for the
solution of long-standing, unsolved problems, but also have
provided an instrument without which the student would hardly
be able to comprehend the vast accumulation of new mathe-
matics which is being discovered (or invcnted). (p. 19)
Mode rn mathematics in the elementary school typically provides for an
introduction to such structures as well as to many other aspects of the
new body of mathematical knowiedge. Not to teach modern math in the

elementary school would mean being out of phase with mathematics as

a content discipline.

4. Modern mathematics provides a sound and an interesting basis
for effective instruction. Because of its emphasis on the structure and
properties of such things as the number systems and the operations de-
fined on these systems, the newer approach to math provides a basis for
a real understanding of content and procedures. Also, because of its
many suggestions for physical representations and manipulations of basic
concepts and its emphasis on exploratory and discovery activities, inter-

esting types of instructional procedures can be designed.

5, Identifying a program as being based on "modern mathcmatics'
does not minimize the importance of computational skill nor the impor-
tance of being able to use mathematics to solve practical everyday prob-
lems. The IM program places significant emphasis on both of these

abilities.

The Structure of Mathematical Systems

A substantial portion of the content of the new !M program can be
considered as directed toward the pupils achieving compreiension of
"the structure of the rational number system.’ The carlier quotation

from Wilder (1970) suggested that the creation of mathematical structures

10
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represents a major contribution to the integration of much of mathematics.
In the same article, he goes on to state that teachers have found that such
structures "afforded a valuable educational device, while at the same time
accomplishing the objective of simplification and consolidation' (p. 21).
Near the conclusion of his article, he suggests that "more emphasis will
have to be placed on mathematics as the study of structure' (p. 22). As
mentioned above, one structure that is of major concern in the IM pro-
gram is the structure ¢f the rational number system. What is implied by

this concern?

A mathematical system may be defined as consisting '"of a set of

elements, one or more binary operations defined for these elements. zad
a relation, together with the properties which the elements are to obey
under these operations' (McFarland & Lewis, 1966, p. 280). In the
rational number system the elements are the rational numbers, the

basic operations are addition and multiplication, the relations include
equivalence and order, and the properties include closure, commutativity,
associativity, distributivity, and the presence of identity elements and
inverse operations. The study of the structure of the rational number
system then involves the study of these specific numbers, operations,

relations, and properties.

Defining the content of A math program in this way does not elimi-
nate any important part of the content of traditional elementary school
arithmetic. Pupils still learn to add, subtract, multiply, and divide: to
nse the base 10 numeration system: and to work with fractions and deci-
mals. Nor does this emphasis on the structure of the number system
mean that there is a continning emphasis upon a formal study of proper-
ties and other components of the system. Rather, the emphasis on
structure reveals itself in the way in which many of the traditional opera-
tions and other content arc presented. For example, rathor varly in
their work on addition and multiplication, pupils solve pairs of simple

problems to show that these operations are associative anc commutative,



O

ERIC

Aruitoxt provided by Eic:

even though these terms will not be used. As another example, an addi-
tion table {matrix) might be developed and used not only as an aid in
learning the addition facts, but also as the basis for an informal intro-
duction to zero as the identity element in addition, to the inverse rela-
tionship between addition and subtraction, and to the basic idea of opera-
tions or functions. This largely informal introduction to the structure
of numher systems should provide an important background to the more

formal study of such structures in junior high and in high school algebra.

On the basis of this general description of the basic concepts in-
volved in a definition of a "mathematical system, " certain concepts ani
operations can be identified as providing the major components in the

content of the IM curriculum. These include the following:

1. Sets.

2. Number.

3. Addition and Subtraction of Cardinal Numbers.
4. Expressions and ""Other Names for Numbers. "

5. Radix (Base) Numeration Systems.

6. Multiplication and Pivision of Cardinal Numbers.

The content associated with each of these topics is described in
the following sections of this paper. In each case, the content is intro-
duced by citing definitions and descriptions of the mathematics involved.
These definitions and descriptions should be considerced as presenting
major components of the mathematical content of the prograni. As such,
they provide a basis for the inclusion of related instructional objectives.
Also. these definitions are of use to the curriculuni developer in pro-
viding guidance that will prevent him from developing objectives or
learning activities that are not "mathematically correct.' Followinu
the descriptions and definitions, there are short discussions of the rele-

vance of these ideas to the curriculum and samples of objectives.

17
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1. Sets

The concept of set is used as a starting point for developing defi-
nitions of key concepts in many modern approaches to mathematics. The
central importance of the idea of ''set' is presented in the introduction of
the SMSG program as follows;

Why sets? We know that most of an elementary mathe-

matics program is concerned with arithmetic, and that

this begins with counting and addition. Why start with the
idea of sets? . ., .

One answer to these questions is that a set is what you
count. We count 6 cats, or 6 boys, or 6 ice cream cones.
Yet the concept of the number 6 does not depend on cats,
boys, or ice cream cones. The thing that is common to
all of the collection of objects which we count is that they
are sets. The notion of set will recur throughout the
entire mathematical program and it is wise to introduce
the term early and o use it effectively in building the
notion of number. We shall also see that the simplest
descriptions of addition and subtraction. . . ar= in terms
of manipulation of sets of physical objects. (School Mathe-
matics Study Group, 1965, p, 1)

Working with sets of physical objects can be an important learning
experience as the student is being introduced to mathematics. Levi
(1954) states that "a great deal of mathematics can, in fact, be regarded
as a logically precise realization of an experience , ., . " (p. 18). Sets
of objects are used to systematize the experiences of beginning mathe-
matics students in order to provide a framework within which the student
learns to describe these experienges in logically precise terms. Although
we do not expect the early elementary utudents to be logically precise in

their language, we do expect them to bezin to approximate precision.

Descriptions and Definitions

Set. (@) "A . . . bunch of things" (Kellev. 1970, p. 76): (b)Y ",

some colleciion or agpgregate of objects" (rives & Newsom, 1958,
p. 226). 1 8
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Elements of a set. f(a)". . . the things that belony to the bunch
are called members of the set or elements of the set” (Kelley,
19706, p. 76). (b} ", . . the objects which make up 2 -wet Ce .

and . . . we shall put no restriction on the naturc of thesw abjects’’
(Eves & Newsom:. 1958, pp, l20-227).

Designation of sets. There are two ways of designaling a wot;
(a) by itemiziny cach member of the set, i.e., 2, 3, 5, 7, . . .
"This is the roster notation' (McFarland & lewis, 100, p. 9);
(b) by specifyinyg a defining property which every clemient of the
set possesses, i,e., "all the prime numbers less than ten'”
(Morpgan & Paige, 1963, p. 2L

Universal set. (a) "In many discussions, it is useful to regard
211 sets with which-one may be concerned as sub-scts of an over-
all embracing set I; I is then known as the universe” (Eves &
Newsom. 1958, p. 223). (b)'". . . an overall inclusive sct for a
particular discussion is call:d the universal sot for that discus-
sion"” (McFarland & Lewis, 196, p. 12).

Pairins., “"We have two bunches of things (sects) and we pair oft
atring

the things (clements) in one bunch with the things in the other.

. . . This pairing process decides for us whether there are just
exactly as many thinus in one bunch as in 1h(- other or whether
there are more in one bunch than the other” (Kelley, 1974, p. T6).

Cne-to-one correspondence. "Two sets A and ' are said to be in

one-to-one correspondence when we have a pairing of the clements
of A with elements of I3 such that cach element of A corresponds

to one and only one element of B and each element of B corresponds
to ont and only one element of A" (Eves & Newsom, 1955, p. 236).

Equivalence. (a) "Two sets A and B are said to be equivalent, and
we write A ~ B, if and only if they can be placed in one-to-one
correspondece' (Eves & Newsom, 1958, p. 237)% (b) Onc set
matches another. and the two sets are equivalent if and only if it
is possible to find a one-!o-one correspondence between them"
(Kelley. 1970, p. 79).

Comparison of sets. "I A and B are sets, then precisely une of
the following occurs: A matches a proper subset of B, A matches
B. or B matches a proper subset of A" (Kelley, 1970, p. 83)

Equal sets. (a)''Two equivalent sets are identical if cachris a sub-
set of the other . . . we use the symbol '='" (McFarland & Lewis,
1966, p. 26). (b) "Two sets A and B are said to be equal, and we
write A = B, if and only if every element of A is an clement of B
and every element of B is an element of A" (Eves & Newsom. 1958,
p. 227).

14
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Same number. "We return to the notion of pairing . . . which
underlies the idea of number. We . . . say that two sets have
the same numtier of members provided the members of the first
set can be paired off with the members of the second se: v that
both sets are used up' (Kelley, 1970, p. 81).

Relevance of Content and Sample Objectives

The ability to pair and to compare two or more sets is basic to an
understanding of the concept of number (see definitions of "cardinal num-
ber" in following section). Although a majority of children learn to do
rote countiné before they are exposed to formal instruction in arithmetic,
their development of un understanding of number is probably a gradual
process, with work on the comparison of sets representing a key aspect
of this development. Understanding that sets have the ''same number"
because they are equivalent when matched one-to-one should also be use-
ful in comprehending number sentences involving the use of the Yequal"
sign. [t can also provide a basis for teaching the concept of the ""missing
addend' and "other names for numbers.' The following objectives repre-

sent a sample of [M objectives related to this content area:

Given 2 sets of objects, the student pairs the objects and states

if the sets have the same number of objects.

Given 2 sets of objects, the student pairs the objects and states

which set has more.

Given 2 sets of objects, the student pairs the objects and states

which set has less.

Given 3 sets of objects, the student matches and states which set

has the most, least.

Z0Objectives listed in this math content section of this paper are
intended to serve only as examples of objectives related to ¢iven con-
tent. A comnplete listing of all IM objectives, orpzanized into units, is
presented in Appendix A.

—
(1}
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2. Number
Z. humber

"Number' is a major and central concept in the content of an
arithmetic curriculum. In the mathematical systems (such as the
natural number systent and the rational vumber system) with which
arithmetic is concerned, numbers are the "elements' of the system,.
The approach 1aken here to the develospment of number, as derived
from the concept of set. has been explained by Eves and Newsom {1958)
as follows;

We saw how the great bulk of classical mathemalics can be

reached {rom the natural number system in a purely defi-

nitional way, and thus how the consistency of classical
mathematies can be made to rest upon the consistency of

the basic number system. It is natural to wonder whethe r

the starting point of the definitional development of elassi-

cal mathematics cannot perhaps be pushed to an even decper

level. Mathematicians who attempt such a construction

usually start with the theory of sets, the concepts of which

are¢ already involved in the postulational development of the

natural number system. The success of the program e¢n-

ables one to define natural number in terms of sets, and

hence to reduce the number of undefined terms that must

be assumed in mathematics. (pp. 235-236)

Because of the importance of ihe child's acquiring a proper com-
prehension of the idea of number, a systematic and somewhat extended
sequence of objectives is needed to include all the necessary concepts.
Since the essential process involved in determining the cardinal number
associated with a set of a given size is that of counting, this concept and

procedure is introduced along with that of number. Also, since "in

orcdes to use the concept of number effectively, we have tc have names

-for particular numbers!" (Kelley, 1970, p. 86), numerals must be intro-

duced in this same context.

Descriptions and Definitions

Cardinal number. (a) '"Two sets which are equivalent are said
to have the same cardinal number. All sets that have the same

21
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cardinal number as the set 2 are said to have the cardinal num-
ber one {or to contain one element); all sets that have the same
cardinal numbcre as the set 4, b are said to have the ca'rdinal
number two {or to contain two elements). . . and so on. We
shall denote the cardinal numbers zne, two, three . . . by 1, 2,
3, ., " (Eves & Newsom, 195§, pp. 237-238). (b) "Bertrand
Russell . . . employed the idea of . . . [Definition (a}] in hasic
fashion when [he] defined the cardinal number of a set S as the
set of all sets equivalent to set S'" (Eves & Newsom, 1958, pp.
237-238). (c) "The number of members in a set is the bunch of
all sets which are equivalent to it" (Kelley, 1970, p. 81).

Whole number. (a) '"The set of whole numbers is W = {v, 1, 2, 3,
4, . . .!" (McFarland & Lewis, 1966, p. 108), (b) "The set of
natural numbers or counting numbers does not include 0; it begins
with 1. The set of whole numbers does include 0. These numbers
0,1, 2, 3, 4, .. . the 0 is used in the cardinal sense to mean
'not any' and is read zero {(as 4 - 4 = 0)" (Flournoy, 1964, p. 18).

Integers. '"The set of integers, I, is the union of the set of natural
numbers, N, the number 0, and for each n € N, the number —n
such that n +™n = 0" (McFarland & Lewis, 1966, p. 157).

Rational numbers. '"The set of rational numbers, Q, consists of
[

those numbers which may be expressed in the form 2, a, b, <
I # 0" (McFarland & Lewis, 1966, p. 209). b

Numeral. (a) "In order to use the concept of number effectively,
we have to have names for particular numbers. Numbers, like

people. may have many names" (Kelley, 1970, p. 86). (b) "The
difference between a number and a numercl is precisely the dif-
ference between a person's name and the person" (Kelley, 1970,
p. 86).

Counting. (a) "We usually say that a set having count n contains

n elements or has the cardinal n" (Deskins, 1964, p. 46). (b) "A
nonempty set S of distinct objects has the count n, n a natural num-
ber, if and only if there exists a one-to-one mapping F of the set

S onto the set M, of the natural numbers m £ n. Such a mapping

F is a counting of the set S'" (Deskins, 1964, p. 46). (c) "The
process of assigning the number N(A) to ecach set A can be called
counting' (Kelley, 1970, p. 81). (d) "Invariance property: sup-
pose that A matches a proper subset of B and suppose A* matches
A and B# matches B, then A* has fewer members than B+'" (Kelley,
1970, p. 83). (e)"If aand b are any two natural numbers, then
one and only one of the following situations obtains: a = b, a < b,

a > b" (Eves & Newsom, 1958, p, 198).

17
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Relevance of Materials and Sample Q’lﬁi‘.‘l’ﬁf’

While some work with naminpg equivalence classes of sets can be
done without countinyg, there is a2 limit as to now many objects one can
recognize visually without counting. The following objectives represent
the types that vere defined to cstablish a meamngful basis for countiny

and for actually teaching counting:
Given 2 objects of different sizes, the student selects the larger
{smaller) object.
Given a set of 0-5 moveable objects, the student counts objects
moving them out of set as he counts.

Given a set of 0-10 moveable objects, the student counts objects.

Giiven 2 sets of objects, the student counts and states which et
has more {less) objects Or that the sets have the same number of
objects.

Given 3 scets of objects, the student counts and states which set

has the most (least).

Given a set of objects and a set of numerals, the student selects
the numeral that represents the set, one more than the sct, and

one less than the set.

Given a number stated {to 5) and a set of objects, the student

counts out subset as stated.

Given a number stated {to 10} and a set of objects, the student

counts out subset as stated.

3, Addition and Subtraction of Cardinal Numbers

When a student has acquirea some understanding of the concepts
set and number. he has been introduced to the "¢lements'' of a mathe-

matical system and is prepared to undertake some work with ""operations.'

18
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The first formal operation with numbers that the student is introduced
to is that of addition. Work on addition and subtraction is preceded by
activities with sets, including the forming of unions of sets, the removal
of subsets, and ''adding to' or "taking away'' from one =et to make it
equivalent to another set. The basic mathematical terms and expres-

sions that are of relevance here are subset, union of sets, difference

of sets, intersection of scts, complement of a set, and the definitions

of addition and subtraction.

Descriptions and Definitions

Set properties. (a) Subset: 'A set T is a subset of a set S (T ¢ S)
if and only if every elenient of T is also an element of § (Deskins,
1964, p. 3). (b) Union of sets: '"The union of two sets, A and B,
wrilten as A U B, is the set x'x -~ A or x -2 B" (Herstein, 1964,
p. 2). (c) Difference of sets: 'Given the two sets, A, B, then
the difference set, (A ~ B) is the set {x € Alx § B" (Herstein,
1964, p. 5). (d) Intersection of sets: '"The intersection of two
sets A and B, wrilten as A n B, is the set {x | x € Aand x v B!"
(Herstein, 1964, p. 3). (e) Complement: "The complement of a
set A relative to a universe I is the set of all elements of I which
are not elements of A, When the universe I is clearly under-
stood, we denote the complement of A by A' "' (Eves & Newsom,
1958, p. 228). (f) Disjoint: '"[When two sets]. . . have no ele-
ments in common, that is, their intersection is the empty set,
they are called disjoint sets' (McFarland & Lewis, 1966, p. 18).

Addition. ''The addition of the whole numbers a and b is the
assignment of the whole number c to the ordered pair (a, b) such
that N {A) + N (B) = N (A U B) where A and B are finite sets,

A N"B=o0¢and N(A)=a, N(B)=b, and N(A U B)=c. That
is, a + b = ¢" (McFarland & Lewis, 1966, p. 108).

Subtraction. '"Definition of subtraction using removal of a subset:
The subtraction of the whole numbers a and b (b < a) i . the
assignment of the whole number c to the ordered pair (a, b) such
that N (A) - N (B) = N (A - B) where A and B are finite sets,

B . A, and N(A)=a, N(B)=b, and N (A - B) = c. That is

a - b~ c'" (Hosticka, 1973, p. 60).

N
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Relevance of the Material and Sample Ojbectives

The foregoing terms and definitions provide the iimportant mathe-
matical content basis that must be considered in developing curriculum
objectives in the area of addition and subtraction. They represent a
major basis for the conten: of the IM program. However, this does
not mean that these formal terms and definitions are to be mastered by
the student. Instead. they are taken as describing some of the actual
physical operations with sets that the student should experience before
being introduced to the formal operations of addition and subtraction and
which he should be able to relate to these parallel operations with num-
bers. In the interest of simplication and the elimination of sorne com-
plications that are not necessary at this level, certain restrictions are
placed on the way iu which these concepts are used. As an example,
although union of sets is important in the introduction of addition. the
union must always be of disjoint sets. Since the development of addition
is of primarv importance. the union of nondisjoint sets is not dealt with
at this time.

The following are examples of objectives concerned with helping
the student acquire the basic meaning of addition and subtraction of

whole numbers:

Given two sets, the student makes the two sets equivalent

by adding or removing objects.

Given two numbers (whose sum is to 9) and a set of objecis
with the directions to add, the student adds the numbers by
counting out two subsects, then combining and stating the coni-

bined number as the sum.

Given two numbers (to 9) and a set of objects with directions
to subtract, the student counts out smaller subsets {rom

larger sets and states remainder.

)

20



O

ERIC

Aruitoxt provided by Eic:

Given two sets, the student draws a picture showing the union
of these sets. ({Limit: Maximum of 9 elements in the union

set. )

Given a set, the student shows (i.e., by crossing out objects)

the removal of a subset.

After the student has acquired an understanding of the basic opera-
tions involved in addition and subtraction, he is ready to learn to read
and write number scntences. The number sentence can be generated

from the student's work with sets.

Given a representation of union of sets or removal of a subset,
the student writes the number sentence. (Limit: Sums through

5.)

Given a representation of union of sets or removal of a subset,
the student writes the number sentence, (Limit: Sums from

6-9.)

Given pictures, the student illustrates union of sets or removal
of a subset, and writes the number sentence. (Limit: Sums

through 9.)

4. Expressions and '"Other Names for Numbers"'

Expressions are an importan.t part of a mathematics curriculum
in that they give the child insights into the relationship of operations
and number names. Being able to use an expression as a legitimate
name for a number refines the child's concepts of equality and the opera-

tion represented in the expression.

Descriptipns and Definitions

Expressions. (a) "Numbers, like people, may haie many names"
(Kelley, 1970, p. 86). (b) "We define the useful concept expres-
sion by listing the things that are to be so describer. (a) Each
cardinal number in standard form is an expressior, (b) Each

oo
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variable whose domain is the set of cardinal numbers is an
expression: (c) If A and B are expre ;sions, then (A) ¢ (B)
is an expression: (d) If A and B are expressions, then

(A} - (B) is an expression.

Note: Items c and d state that any two expressions can be
used to form new expressions by enclosing each in paren-
(=eses and then combining themn by either addition or mul-
tiplication. We attach a further stipulation that if either of
the expressions so combined is a cardinal number in stand-
ard form or a variable whose domain is the set of all cardi-
nal numbers, then no parentheses are to enclose that expres-
sion.

Examples: Items c and d certainly certify as expressions
each of the following: 3 +5, 3 -5, 3 +x, x +y, xy. They
alco certify as expressions more complicated combinations
such as (3 +5)+ (6 + 11), (3 +x) + {yz), and {(x +y) (52)) +
(3w)" (Levi, 1934, p. 34L

Relevance of Material and Sample Otjectives

The importance of attending to the use of expressions as other
names for numbers is revealed in the number of children who do not
pay attention to signs or understand "equals.” A child who reads the
number sentence § = 2 + €& as "eight plus fwo equals six'' not only is
showing a lack of attention to signs, but is showing a lack of compre-
hension of addition and equality. Errors of this type are not uncommon
in the elementary grades. In an effort to minimize misunderstandings
of this sort, the IM program provides for extended work in writing
exy.ressions, equations, and "rther names for numbers." Some exam-

ples of objectives i this area are the following:

Given a number sentence in the forma + _ =cor i} +b=c,
the student ccmpletes the sentence. (Lirnit: Sums through 9.)

Given a number sentence in the forma = | + 7\, the student

gives several solutions for the sentence. (I.imit: Sums through

9.} o
21
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Given a set or a number line to represent a sum, the student
writes several addition and subtraction sentences for each
sum.

Given a set of objects, the student grovps the objects by tens
and completes statements of the form tens and

ones. (Limit: 1 through 99.}

Given a number written as a standard numeral, the student
completes statements of the form tens and ones.

{Limit: 1 through 99.)

5. Radix {(Base) Numeration Systems

After the beginning student has been introduced to the elementary
ideas of number, to the addition and subtraction operations on numbers,
and to expressions, the magnitude of the numbers with which the stu-
dent can work can be increased. This means that the decimal notation
system, as the relevant exemplification of the radix numeration system
must be introduced. Radi. numeration systems are "'conceptually, an
operational procedure. By counting . . . repeatedly, we can assign to
each set of objects . . . (a) string of digits which is the . . ., name of
the numbe: of objects' (ilelley, 1270, p., 38). The following principles
govern the prccess of numeration used by radix or base systerrs nf

nui: eration.

Descriptions and Definitions

Grouping. (a)''Axiom on counting: Suppose that n is a count-
ing number and that d is a counting number. . . . Then each
set of n r.1embers can be_split into a collection of sets, each
having d members, and a remainder set which has fewer than
d members'" (Kelley, 1970, p. 88). (b) ' If a and b are inte-
gers and a # 0, then there exist unique integers q und r such
that b = ag + r and 0 £ r <a. The element g is th: quotient
and r is the remainder" {Deskins, 1964, p- 82\

[o¥]
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Positional notation. (a) "Let a and b be positive integers, a - 1.
Then b is expressible uniquely in the radix form with base a as

b=a"c + + a
=ac, e o dcl+c0

where ¢ is a positive integer and the c; are integers with
0£cy<a for 0 €i <n" (Deskins, 1964, p. 84). (b} " . ..

the radix representation of b, relative to the tase a is unique.
This result enables us to construct a system of symbols for the
positive integers in the following way. For the finite set of non-
negative integers less then base a, arbitrary symbols are se-
lected (i.e., the digits). . .'" (Deskins, 1964, p. 86).

Relevance of Materials and Sample Objectives

These mathematiczl definitions are given in terms of radix repre-
sentations, which describe the generalized base positional notation. Our
base ten Hindu-Arabic system is a specific example of this type of nota-
tion. Using these definitions and theorems, our base ten numeration
system cap be devcloped and explained. Examples of objectives that
develop the pupil's comprehension of base ten numeration and place

value are:

Given a standard numeral = 100 and objects, the student counts
out and arranges into sets of tens and extra ones the number of

objects indicated by the numeral.

Given a standard numeral, tne student completes statements

of the form tens and _ ones. (Limit: 1 through 99.)

Given a standard numeral for a number to 993, the student
writes numerals to 999 in columns for hundreds, tens, and

ones according to the place value of cach digit.

6. Multiplication and Division of Cardinal Numbers

Introducing the concepts of multiplication and division in the IM
curriculum for the primary grades represents an expansion on the con-
tent of the rational number system as a "'mathematical structure’ in

-2 4

24

O

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

that it involves additional basic binary operations. Among other things,
these new operations can be contrasted and compared with the opera-
tions of addition and subtraction that are introduced earlier. This com-
parison, pursued on a relatively informal basis, can be made in terms

of both the processes involved and the properties of the uperations.

In developing objectives and lesson materials in this area, it is
essential to avoid the oversimplication represented by the idea that
multiplication is nothing more than repeated addition. Dienes and Gold-

ing (1966) address themselves to this point:

It is important to realize that in this operation we have gone
beyond the idea of addition. It is true that ihe same answer
can be obtained to the problem by an addition of the three
terms as by multiplication by three. Just because the
answer is the same does not mean that the operation is the
same. Multiplication involves a new kind of variable,
namely the multiplier, which counts sets. The multiplier
is a property of sets of sets. The multiplicand is a prop-
erty of sets. So the two factors do not refer to the same
universes. In fact, there are no factors in the case of addi-
tion because the number of addends does not enter into the
problem as a variable. Those teachers who teach that mul-
tiplication is nothing out repeated addition are doing a dis-
service to the education of their children. . . . In multipli-
cation, we are dealing with two different universes at the
same time, whereas with addition, we are dealing with the
same universe, namely that of sets. Every number refers
to sets in addition, whereas in multiplication some refer to
sets of sets and others refer to sets. This is a very gre it
difference and the exercise children will have had in dealing
with sets of sets and even with sets of sets of sets will serve
them in good stead in coming to grips with the problems of
multiplication at this stage. (p. 34)

Descriptions and Definitions

Cartesian product. '""The Cartesian product of the two sets P
and Q. P x Q, is the set consisting of all the ordered pairs
whose first component is an element of P and whose second
component is an element of Q"' (McFarland & Lewis, 1966,

p. 95).
30
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Multiplication. (a) '"The multiplication of the whole numbers
a and © is the assignment of the whole number c to the ordered
pair (a. b) such that' N (A) x N (B) = (A x B), where A and B
are finite sets, and N (A) =a, N(B)=band N (A x B)=c.
That is, a x b = ¢" (McFarland & Lewis, 1966, p. 113).

(b) "A model for multiplication need not depend on any knowl-
edge of addition. . . . Now if m and n represent any whole
numbers, the product m ¢ n is the number of members in the
union of m disjoint sets of n members each. The operation
for finding that product is multiplication' (Marks, Purdy, &
Kinney, 1970, p. 126).

Division. (a) "'Division is defined as follows: if p, n, g, and r
represent whole numbers and n # 0 so that p = (gxn)+r, r-n,
g will be called the quotient and r the remainder when p is di-
vided by n. The operation of determining g and r when p is
divided by n is called division' (Marks, Purdy, & Kinney,

1970, p. 128). (b) "Partial division property: If n and d are
counting numbers . . . , then there are unique counting num-
bers q and r such that r ~ d and n = (d x q) + r" (Kelley, 1970,
p- 104). a

Relevance of the Material and Sample Objectives

Obviously, beginning studems are not introduced to the concept of
the Cartesian product as a part of their introduction to multiplication.
However, in early work with arrays (x rows with y things in rach row),
they are being introduced to a format which lends itself to a later intui-
tive understanding of the Cartesian product {i.e., each x position, or

row, contains an instance of a y i s.iton. or columnb

It is important, when developing pupil understanding of multipli-
cation and division to emphasize their inverse relationship. Cne way
this can be done effectively is by developing paired work sentences for
the two operations., I[f, in multiplication sentences, the multiplication
sign is read as "sets o{.'" and if a division sentence is read '"how many
sets of are in 3, then the multiplication sentence answers
the division sentence. For example, 12 0 3 = is "how many sets

of 3 are in 12" The answer is "4 sets of 3 are in 12,7
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The following are examples of objectives from the IM program

that represent a basic introduction to the concepts of multiplication

and division:

Given a set < 10, the student replicates and states "a sets of b
are in c. "

Given objects (20-100), the student groups by a number < 10

and states how many sets of a are in b.

Given an array, or a number line with equal intervals indicated,
the student completes statements of the form: " jumps/

rows/sets of in . (Limit: One-digit factors. )

Given the number of objects in the array and the number of sets,
the student makes the array and completes statements of the
form: '"There are c sets of in b." (Limit: One-digit
factors, )

Given a multiplication table for facts, both of whose factors < 5,

the student writes the numeral which belongs in each empty cell

and uses the table to complete multiplication sentences of the
formaxb= [J.
Given a multiplication table for facts with factors of 6-9, the

student writes the numeral which belongs in each empty cell

and uses the table to complete multiplication sentences of the

formaxb= [].

Given an array, the student writes division sentences for the

array. (Limit: Single-digit factors.)

Summary

The material presented in the foregoing outline and discussion of

the mathematical content underlying the IM curriculum should be con-
sidered as providing major criteria for selecting and editing objectives,

test items, and lesson materials for the program. 7Thc presentation of

27
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this content at this point is not intended to imply that the next step in
curriculum development was to take this outline and derive each spe-
cific instructional objective from these definitions and descriptions.

In many ways, this latter step has already been carried out by the

SMSG and similar groups of mathematicians and educators who have
devoted many years to the specification of the content and objectives of
primary grade mathematics. Their work simplified the task of the IM
staff. However, the mathematics content outlined here provided a ready
reference for the IM staff in checking the correctness and completeness
of their objectives, tests, units of instruction, and lesson materials.

In this way, it provided criteria for the staff's judgment of their work.

THE PLAN AND STRUCTURE OF THE
MANAGEMENT SYSTEM OF THE IM PROGRAM
The IM program consists of a number of components, gach ornc
planned and developed to be a part of an instructional system designed

to achieve the program goals. These components include the following:

1. The Structure and Sequence of Objectives and Units.
2. The Testing Program.

3. Lesson Materials.

4. Prescription Development Procedures.

5. Classroom Management Procedures.

6. Pupil Classroom Activities.

The Structure and Sequence of Objectives and Units

The IM program, because it built on its two predecessor I._RDC
math programs and because it was designed to provide for pupil transi-
tion to the IPI program at the intermediate grade {fourth-grade) level,
incorporated many of the PEP and [Pl oi)jécti\'es into its overall struc-
ture. However, all such objectives were screened, modified, and sup-
plemented in terms of how they fitted into a modern math program and
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were compatible with the mathematics content rationale developed for
the project. . The result of this process is that some IM objectives are
identical with those found in PEP or IPI, some are modifications of
objectives from those programs, and some are new objectives developed

for the IM program.

The IM objectives are organized into units, as are those of both
PEP and IPI. The relationship among units in IM is a hierarchical rela-
tionship, an extens:ion of the type of hierarchy found in PEP Quantifica-
tion. However, since the 45 units in IM cover a much wider range of
topics than the 14 units in PEP Quantification, the hierarchy relating the
IM units is considerably more complex than that of its predecessor.
This 45-unit hierarchy is presented in Figure 1. As suggested earlier,
the possibility of developing and using a hierarchy of this degree of
complexity was one of the general curriculum development questions

examined through the experience with the IM program.

The IM unit hierarchy is to be interpreted in the manner appropri-
ate for other such structures. This means that for any given unit, the
units that are prerequisite to it are below it in the curriculum and tied
to’it by a solid line. In program operation, the principal use of this
hierarchy is to suggest various alternative sequences that pupils can
follow in moving from unit to unit. This permits the selection of a path
through the curriculum that seems particularly adapted to the needs and
interests of each individual student. It also gives the teacher guidance
in preparing alternative prescriptions in situations where a pupil en-
counters major difficulties with some one unit or where all the manipu-

lative exercises in a unit are already in use.

Each IM unit is made up of several obiectives. An objective can
be considered the basic instructional element in the curriculum. Each
objective describes a specific mathematical ability that ‘he pupil should
acquire. For each objective there are specific lesson materials (book-

lets, manipulatives) that have been designed to teach tha objective and
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which the pupil can use largely on an independent study basis. Also,
the system includes a test (CET) for each objective that is + <ed for
determining when a pupil has mastered that objective and is ready to
move on to the next one. In the IM program, the objectives within a
unit are organized into hierarchies which indicate the prerequisite rela-
tionships ir. ‘olved. An example of one such unit hierarchy is shown in

Figure 2.

Note that eaé-}1 gbjective within the unit is identified by a letter
and the statement of the objective tells what the stimulus situation (the
""given') is to be and what specific behavior represents the correct
response. In all such hierarchies of objectives within a given unit,
the prerequisite ordering is from the bottom up. In this unit, Objec-
tive A is prerequisite to B, which in turn is érerequisite toC. Cisa
prerequisite to both E and G. D is also prerequisite to E, and the lat-~

ter objective is prerequisite to F. In the labeling of booklets and of

" tests for a given objective, both the unit number and the letter designa-

tion of the objective are used. The objectives in this unit would have
such labels as M4A, M4B, M4C, and so on (the M merely identifies it

as a '""Math' objective).

The Testing Program

As is true of the IP] and PEP programs, the IM program uses a
procedure for systematic testing as a majoﬁ tool for facilitating indi-
vidualization. All tests used in the program are criterion-referenced
tests in that they provide information concerning what the pupil has or

has not mastered.

Placement Testing

Placement tests can be used at the start of the sch>ol year or at
any time a new student enters the program in order to determine where

the student should start studying within the hierarchy of -15 units. The
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F
Given a fixed set of
ordered objects 1 to 10

The student counts objects.

3
Given asetof 0-10
moveable objects

The student counts objects.

l

G

Given a stated numeral to 10

The student writes it.

1

The student recites
numerals in order (to 10)

[
Given a written numeral
with asetto 10

The student reads.

B
Given a siated numeral and

printed numerals with sets to 10

The student selects the
stated numeral.

A
Given two sets of
numerals to 10

The student matches.,

Figure 2. Unit hierarchy for IM Unit 4.
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total battery of placement tests for the IM program consists of individual
tests for each unit in the program. In the interest of efficient testing, the
exact units on which a pupil is placement tested are determined by past
performance in the program and by the teacher's judgment. For example,
mos!t students entering first grade are given a placement test package in-
cluding tests for Units 1 through 7. This provides a sufficient basis for
placement decisions for most students. Placement testing at higher grade
levels is done by assembling a package of tests covering those units judged

most appropriate for a particular class or even a particular student.

Unit Pretesting
AL AL

When a student is to begin work in a given unit, he first takes the
unit pretest. This test provides a score for each objective in the unit,
and such scores provide information as to whether there are any objectives
that the pupil does not need to study. On the basis of pretest results, a
decision is made as to which objective the pupil should study first. The
exact nature of the results from pretesting can perhaps best be seen by
examining the form used to record a student's scores on both pretests and
posttests for one unit. The form shown in Figure 3 is for Unit 26 in the

IM program.

Skill {Points|| Pre {% | Post | % Post | % | Post 1%
A 8
B 5
Cc 6
D 6 i
t [
E 8 ‘
: ]
F 4 |
[ —
i
Date I i
| L
Fiqure 3. Form tor tenarding o pupil's pree and posttest scares on edach skill -+ d given yn:t.
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As can be seen. there arc six objectives or skills in this unit, and
each one is tested by some limited number of items (8, 5. 6, etc.). If
a pupil shows mastery (i.e., has all items correct) of a skill on the pre-

test, he will not be prescribed study in that skill.

Curriculum-Embedded Testing (CETs)

When a pupil completes his study of a given skill or objective within
a unié- he takes a CET to determine if he has mastered this skill. For
most skills in the IM program, the CET is a paper-and-pencil test appear-
ing at the end of the lesson booklet. For a few skills, such a paper-and-
pencil test is not appropriate. and the decision on mastery of the objective
is made by the teacher on the basis of pupil performance with the manipu-

lative l¢ ison materials.

Unit Posttesting

When a pupil has mastered all of the objectives in a unit, he is
ready for the unit posttest. The posttest is essentially a parallel form
of the pretest and, as can be seen by the record form for Unit 26 (Figure
3), yields a score for each skill. If a student does not master a given
skill on this test, he is prescribed further work on it and given a second
posttest. When he shows posttest mastery of all skills in a unit, he is

ready to move on to the next unit.

Lesson Materials

Major components of the IM program are the various instructional
materials provided for pupil and teacher. These can be categorized as

follows:

A. Lesson booklets.
B. Boxes (containing manipulative lessons).
C. Laminated booklets.

39
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D. Seminar materials.
E. Maintenance materials.

F. Math Lab materials.

Lesson Booklets

The IM program, on the basis of the Center's experience with
IPI, adopted the use of lesson booklets as a proven and valuable proce-
dure for individualized instruction. Many of the booklets used in IM l
are the published IPI booklets, stamped with the appropriate IM desig-
nation. Some of the booklets in IM were developed especially for this
new program. Each lesson booklet teaches the skill defined by one
objective and is identified by the unit number and objective letter. A
typical lesson booklet starts with one or two pages of review, follows
with several teaching pages, has one or two summary pages that pro-
vide practice on the skill as tested by the CET, has a page or two for
CET I. provides additional teaching and summary pages, and then

CET II. Suggested procedures for classroom use of such booklets are

““discussed in a later section of this paper.

Boxes

A major aspect of the IM program is its extensive use of boxes,
each one containing a manipulative lesson of the type first used with
PEP. Each box teaches the skill, or a part of the skill, defined by one
objective. For most objectives where manipulatives are appropriate,
more than one box is provided. For this reason, boxes are identified
by the unit number, objective letter, and box number. For example,
Objective B in Unit 13 has three boxes, designated as M13B1, MI3Bg,
and M12B3. Directions for using the material in a box are found on the
inside of the top cover. The directions include a picture of how the stu-
dent is to arrange the manipulative materials for one exercise. This

picture is the ""model, " and the pupil knows that his first step in using
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a box is to duplicate the model. When the teacher checks and sces that
this has been done correctly, the student is told to proceced by forming
a comparable arrangement of materials for each of the other exercises
in the box. Successful completion of this task is followed by the teacher

checking the work and 2skini: a few appropriate questions.

I.aminated Booklets

In a minor revision of the IM program, now being given a rather
intensive trial, a number of boxes have been converted to laminated
booklets. This was done in an effort to conscrve on materials and on
needed classroom storace space. Boxes which were converted were
those containing laminated pages upon which the pupil records an an-
swer after using manipulative materials to derive it.  Such boxes typi-
cally use manipulatives such as counting cubes, Dicnes blocks, num-
ber lines. and so on that are used in several boxes. 7The conversion to

'

laminated booklets means that the manipulatives are kept in "central
storage’ in the classroom and are obtained by the student when he deter-
mines what his particular bhooklet requires. FEach laminated booklet
was produced by using plastic binding to form a booklet trom several

laminated work papges. Such booklets have the same designation as

boxes except that "I has been added, e.pg.. MI3C3 (L.B).

Seminar Materials

The IPI Prosram includes the sugyested use of whele-class "semi-
nars,' or larye group in<'ruction, on an averayge of about unv day per

week. The IM progsram continues this feature and provides outline. of

suggested activities and pupil practice paues for a limited number of
key topics. Also. certain topics included in [P], such as money and
time, are represented in the IN program mercely by units and objectives

and are to be taucht in seminars,
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Maintenance Materials

A structured maintenance program is another feature of IM that
has been largely borrowed from the Qakleaf School version of IPI. The
purpose of maintenance is to help the student maintain and to increase
proficiency in mastery of the "basic facts' in the operations of addition,
subtraction, multiplicaticn, and division. The program is organized
into 17 units at 4 levels, representing a progression in difficulty over
the four operations. Materials provided tar each unit include a criterion
test and one or two practice sheets. Suggestions for use of the program
anticipate extensive use of other drill materials and games to be identi-

fied by the teacher.

Math I.ab Materials

Development work on the IM pregram included some exploratory
work on math lab activities covering certain beginning topics in the areas
of measurement and geometry. These activities and materials were
developed and used under a variety of plans for teacher supervision.

This work was carried out in the first and second grades at Qakleaf
School. Although the math lab continues as a part of the IM program
at Qakleaf, work on this aspect of the program has not reached the stage

where it can be considered read for more widespread implementation.

As suggested by the foregoing summary of lesson materials and
procedures used in the [M program, there is considerable variety avail-
able to teacher and pupil. This variety permits flexibility in giving
pupils prescripticns that mect their learning needs and contribute to
regular progress. The variety in lesson material is also designed to
facilitate the development of study skills associated with ¢.fferent types

of lessons.

>
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Prescription Development Procedures

When a pupil working in the IM program has tzken a unit pretest,
the results provide a basis for deciding which specific objectives he
should study, The pﬁpil's individualized plan o1 study for mastering a
given objective is outlined in the "prescription" for that objective. The
prescription lists the specific boxes, lesson booklet pages, games, and
so on that the student is to use. In the current version of the IM pro-
gram, a pupil's prescription is shown by appropriate entries on the
“ticket' for the unit, An example of such a ticket is shown in Figure 4.
(Marginal notes have been added to indicate what each ticket entry repre-

sents. )

Among other things, the ticket tells the teacher and pupil exactly
what materials are available for studying cach objective. For Objec-
tive 17A, for example, there are two boxes of manipulatives (MI17AIL,
MI7A2) and a booklet (M17A). For Objective B there is one laminated
booklet and a booklet, while for Objective C there is only a booklet.

The row of cells to the right of the symbol for each box or booklet pro-
vides spaces for indicating what the particular student is to study and
for keeping a record of his progress. (Specific procedures for marking

a ticket are described in the Teacher's Manuatl (I.indvall, Note 1).

To explain the prescrintion development procedure, it may be use-
ful to consider a hypothetical student. Assume that this student did ;. ot
show mastery. on the pretest, of any of the three objectives A, B, or C
of Unit 17. In this case, the teacher might first give the pupil a pre-
scription for Objective A and must decide what materials are to be pre-
scribed. One possibility would be to prescribe both boxes and the entire
booklet. This could be the correct prescription if the student missed
all, or most, of the items for this skill on tl . pretest and, in the teacher's
judgment, could not master the basic idea of the objective without work-
ing with manipulatives. If, on the other hand, the pupil had narrowly

missed the mastery score on the pretest, the teacher could examine the
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{Objective A)

(Manipulative
Lessons)

{Booklet)

{ Vest Results)

{Qbjective B)

{Laminated
Booklet)

{Booklet)

(Test Results)

{Objective C)

{Booklet
cnly})

{Test Results)

M-17-A-1

M-17-A-2

M-17-A

CET

B
M-17-B-1(LB)

M-17-B

CET
c
M-17-C

CET

Date Sc. Date Sc. %

o
Date Sc. Date Sc. %
Date Sc. Date Sc. %

Figure 4. Prescription form for Unit 17 10 the (M program.
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items that he had missed and prescribe only those pages in the booklet
that taught that specific aspect of the skill. For this latter prescription,
the teacher could mark the exact pages to be studied on the prescription
form found on the front of the booklet. If either of the boxes involved
activities designed to teach the specific aspect of the skill in which the
pupil was deficient, it too could be prescribed. Quite obviously, other
variations in the prescription developed would be appropriate for other

situations and other types of students,

In the IM program, prescriptions developed for the lower level
units generally make much greater use of manipulatives (boxes) than
prescriptions for higher level units. This is a function of the fact that
earlier units provide more boxes, which fact, in turn, is largely a result
of the fact that skills at these levels are basically manipulative skills.
That is, beginning arithmetic is a matter of comparing sets, counting
objects, joining sets, removing subsets, and so on. Basically, these
activities are most directly experienced and understood through handling

concrete materials.

It is the intention of the IM program that paper-and-pencil activi-
ties be introduced rather gradually, starting at an carly level in the cur-
riculum. As a result, lesson booklets are available for use even in
Unit 1. This does not mean that all pupils are to use booklets at this
level. Some students may work solely with boxes in the first several
units. However, the booklets are available for exploratory use by some
pupils and as a part of a regular prescription for others. This provision
for a gradual introduction to work in booklets is intended to facilitate
each pupil's acquiring increased study skills at a pace suited to his or

her capabilities.

Classroom Managzement Procedures

As is true with any instructional program, the key factor determin-

ing the success of the IM program is the skill of the teacher in providing
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overall supervision of the program and in interacting with individual
pupils. The teacher is provided with all of the material cumponents of
the program--tests, lesson booklets, boxes, prescription forms, and
so on--but how the system actually operates is dependent upon the
teacher. Because of this crucial importance of the teacher role, the
IM program has given major attention to this component of the system.
This attention is reflected, in part, in the documents that have been

used in teacher training sessions. These include the following:

1. Individualized Mathematics Teacher's Manual (Lindvall,

Note 1).

2. Individualized Mathematics Testing Manual (Lindvall, Note 2).

3. "Classroom Management of the Individualized Mathematics

Program' (Lindvall, Note 3).

4. "Individualized Instruction: Some Suggestions for Teachers

and Supervisors!' (Lindvall, Note 5).

These documents, taken together, comprise a set of rather detailed
suggestions for teacher management of a class using the IM program.
The following description of procedures is larg cly a summary of basic
considerations outlined in terms of the type of pupil growth that the
program is designed to enhance. (Also, in describing other components
of the program in preceding sections of this paper, some aspects of

classroom management were necessarily included. )

The Basic Goal

The teacher in the IM program is asked to approach the task of
classroom management from the point of view that it is a matter of
""managing an individualized instruction situation.' This means that
the teacher is not to focus attention on such matters as ""How am I going
to explain this lesson to the class”' or "What kind of activity am I going

to conduct today?'" Instead, in the individualized classroem the basic
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question of the teacher should be "How can conditions be arranged so
that each pupil progresses at an appropriate pace, using instructional
materials that best facilitate progress?" Although some teacher tutor-
ing and guidance will be essential, the basic goal of class*oom manage-
ment is to help the pupil become a confident self-directed learner capa-

ble of planning and pursuing his or her classroom work with a high

degree of independence.

Promoting pupil self-management. A successful system for indi-

vidualized instruction almost necessarily requires that each pupil assume
some responsibility for the management of his or her own instruction.
Also, of course, the ability to assume this responsibility should be an
imporlant outcome of this type of instruction. One element in the IM
program that has been developed to enhance pupil self-management is

the pupil prescription. This specifies what the pupil is to study. Conse-
quentl-, an important aspect of teaching procedure is to see that every
pupil has an individual prescription at the start of each class perind.

It may also reguire that some prescriptions are developed during the
period, as a student completes work on a given lesson. However, every
effort should be made to do most prescription writing out of class so that
class time can be devoted to other activities. Of course, if prescriptions
are to be of value. pupils must be able lo use them correctly. They must
Ynow what the entries on the ticket mean and where to find the indicated
materials. This represents one step toward pupil self-management.

At higher grade levels, pupils could go farther and could play a part in
developing their own prescriptions. However, in the primary grades,
being able to follow a prescriplion, to find one's own lesson materials,
and to progress according to a planned program represent 2 significant
degree of responsibility for one's own activity, This is emphasized in

the management of IM classes.

Developing pupil study skills. If the teacher is to be a facilitator

of individualized progress on the part of each pupil, he or she must be
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concerned with pupil success in using lesson materials. One aspect of

this. of course, is the development of the best possible prescription
for the student. Another aspect is attention to the pupil's ability to use
lesson materials properly. The proper management of the IM nrogram
requires that the teacher carefully attend to helping pupils to "iearn
how to learn" from boxes and from lesson booklets. These materials
were designed to be used in a particular way and can be expected to
function most effectively if used properly. Acquiring such learning
skills is essential to pupil progress and also represents a major goal
of the program. Of course, of equal importance to the student's know-
ing how to study is the desire to apply oneself to study activity. Here,
again, teacher classroom management is crucial. The teacher must
see to it that studying is a rewarding experience. One important step
here is developing prescriptions adapted to each puPil'é presént needs
and capabilities so that success can be achieved. This assumes that
success, that is, learning as demonstrated by passing tests, has been
made a rewarding experience through regular use of teacher praise or
other types of positive attention. Obviously, an even more direct prac-
tice for increasing pupil attention to their work on lessons is extensive

use of teacher praise for this type of behavior.

Enhancing pupil self-concept. The management of all aspects of

the testing program is another key component of the IM system. If

pupils are to be successful in pursuing independent learning, they must
learn to make valid assessments of their progress. Each pupil should
acquire the habit of making regular use of the question "Do I really
know this? " and then looking for the correct basis for answering it.

To provide maximum help in this task, the IM system uses all of the
various tests described previously. If these are to be used properly,

both pupil and teacher should think of these tests as sources of informa-

tion. They are not screening devices for determining who is to pass

and who is to fail. nor are they instruments for grading. Because they
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provide direct information concerning degrec of mastery of specific
skills, they provide easily interpretable data for guiding instructional
decision making. If these tests are to serve their purpose, they must
be used "with respect, ' Pupil and teacher must recognize that they
can be useful only if they are administered in a valid manner, are

scored correctly, and if results are properly interpreted,

In the IM program the unit posttest is considered a major tool in
the management of the system. It provides measures of the extent to
which the pupil has really mastered and has retained the skills taught
in the unit. Classroom management should include procedures designed
to make such posttests major milestones in the pupil's assessment of
his or her progress. If success on the posttest can become an impor-
tant goal for the student, then study activities, CETs, and the pretest
can be viewed as tools for insuring success on the posttest. This means,
for example, that a pupil should engage in careful review before taking
a posttest. This review should be a standard procedure, and it should
be emphasized that it is done so that the pupil can determine if he or
she is really ready to take the posttest. One specific type of review
could entail the pupil reexamining the pretest and becoming convinced
that he or she can work the various types of exercises involved. A
stress on unit posttest achievement should also lead to pupil concern
for performance on each CET. Does the pupil pass the CET with a real
confidence in personal mastery of the skill involved” An aid in achiev-
ing this is a careful use of the booklet pages immediately preceding the
CET (the summary pages) as a pupil seli-test for determining readiness
for the CET. As all of this indicates, a major purpose of classroom
managefnent is to increase the pupils' abilities and desires to judge
their own achievement and progress and to use this judgment in planning

study activities.
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Pupil Classroom Activities

In designing an instructional system, particularly an individual-
ized system, it is essential that major attention be focused on pupil
classroom activities, on those types of things that a student must do if
program goals are to be achieved. Other system components, such as
the teacher's classroom management procedures, the lesson materials,
and so on, will all help to determine what a pupil does. However,
whether or not the pupil carries on the proper kinds of activities is
such a key criterion for determining successful program operation that
it is essential that these activities be specified and that they be a focus
for program design and implementation. As outlined in an earlier sec-
tion of this report, the IM program is designed to achieve certain goals
in terms of the abilities and attitudes of students. Effective achievement
of these goals requires that pupils carry out certain activities and behave
in certain ways in the classroom. These can best be outlined in terms
of behaviors pupils should exhibit as they interact with other system
components. The following outline indicates some of the basic class-

room behaviors that should be of concern:

A. Using prescription forms
1. The pupil will use the prescription to identify what he or
she is to study.

2. The pupil will secure the proper lesson materials.

B. Using lessbn materials
1. The pupil will give appropriate attention to his work.
2. The pupil will study quite independently and seek help
only when it is needed.
3. In working with boxes, the pupil will follow the recom-
mended steps:
(a) remove all materials from box

(b) duplicate model; obtain teacher approval
59
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(c) apply same procedure to other exercises
(d) have teacher check completed work.
4. In working with booklets, the pupil will employ the
recommended procedures:
(2) will study directions and examples
(b) will apply procedure to other exercises
(c) will use summary pages as a self-test for determin-

ing readiness for CET.

C. Using tests
1. The pupil will make valid decisions as to when he or she
is ready for a CET.
2.  The pupil will take all tests with care and in a valid man-
ner.
3. The pupil will review before taking a posttest.
4. The pupil will reexamine a completed test to check the

answers before having it scored.

As these items suggest, successful operation of the IM program
depends upon the pupil using specific procedures in managing his or her
own activities, in using lesson materials, and in taking tests. Basically,
these are procedures that facilitate effective independent study and, as
such, are essential components of the total IM system. Abilities of this
type also represent desir~d pupil outcomes and are to be emphasized by

the teacher in daily su: -.i.. .. of pupil learning activities.

Summary

The IM program, as an instructional system, involves six major
components: (a) the structure and sequence of objectives and units,
(b) the testing program. (c) lesson materials, (d} prescription develop-
ment procedures, (e) classroom management procedures, and (f) pupil
classroom activities. The first three components involve mate rials

produced by the project staff and placed in the hands of teachers and
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pupils for their use. The last three components involve procedures and
activities outlined by the developers as preferred procedures for manag-
ing classroom learning. The outcomes produced by the IM program
depend ipon the quality of the materials provided and upon the way in
which classroom procedures and activities are carried out. Current
implementations of IM are operating in two schools in the Pittsburgh
area where project staff members have played a role in teacher work-
shops, in providing consultative help to teachers, and in other activities
designed tc assist in the effective implementation of procedures and
activities. The ewvaluation efforts and results, described in the next
section of this report, are for these schools. However, as is discussed
in the final section of the report, any specific implementation of a pro-
gram such as [M is a type of further development of the program, a
development which adjusts the program to the environment and to the
needs of the loczal school situation. This local implementation and de-
velopment will determine the types of outcomes achieved through the
use of IM. The nature of some possible outcomes is described in the

final pages of the evaluation section.

THE ROLE OF EVALUATION IN THE
DEVELOPMENT OF THE IM PROGRAM
Up to this point, most of the evaluation activity associated with

the [M program has been formative evaluation, that is, evaluation car-
ried out for the purpose of improving the development effort. This pro-
gram of formative evaluation employed the gencral rationale used in
the development of IFI Math (Lindvall & Cox, 1970). Followinyg this
rationale meant that the development process emphasized four major
steps: (a) specifying the goals to be achieved, (b) outlining a detailed
plan for achieving these goals, (c) putting the plan in ogeration, and
(d) assessing the extent to which the program, when cor ectly imple-
mented, achieves its goals. Each ol these steps was accompanied by

its own type of formative evaluation.
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Evaluating the Worth of Program Goals

The evaluation of the goals themselves was largely a matter of
defending their worth in terms of (a) their being an outgrowtﬁ of the
LRDC's long-range plans for the improvement of education, and (b) their
being in line with what mathematics educators and child development
specialists deem to be important outcomes of instruction in the primary
grades. This type of rationale has been presented in some detail in
earlier sections of this paper and in the initial planning document "The

LRDC Mathematics Project!' (Hosticka et al,, Note 4).

Evaluating the Program Plan

The evaluation of the plan, as a general guide for the proposed
development work, had to be in terms of its potential for achieving the
goals. As explained earlier in this report, much of the basic plan of
the IM program involved taking the best components of PEP and IPI and
incorporating them into the new program. As a result, an important
source of evaluation ""data' ccncerning the potential value of the IM plan
was the record of the past success of these components as they were
used in PEP and IPI. Another source of information here was feedback
from teachers concerning their judgments as to the probable effective-
ness of various parts of the plan. To obtain this, regular sessions were
held with teachers who were experienced in the use of the predecessor
programs. [n these sessions, these teachers were asked to examine
proposed new objectives and units of study, plans for new lesson materi-
als, and possible new classroom procedures. Feedback from these ses-

sions had a major impact on the plan of the IM program.

Evaluating the Program in Operation

Of course, the most extensive and most important type of forma-
tive evaluation used in conjunction with the development of IM was that
carried out as the various parts o! the program were put into operation

ol ,3
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in the classroom. When a new program is put into operation in its initial
tryout in an actual school situation, the concerns of the evaluator can be

outlined in terms of certain basic questions:

1. Is the program operating in the manner described in the pro-

gram plan? Before information can be gathered as to the effectiveness

of the program and its underlying raticinale, the necessary time must be
taken to insure that the operating program is a true exemplification of

the planned program. This means tirat a major task of the formative
evaluator at this point is to gather all the types of information necessary
either to certify that the program is operaling in accordance with. ‘he

plan or to alert the developers and implementers to those specific aspects

of the operation that do not meet this critesion.

2. If the program is not operating in accord with the plan, what

steps should be taken to solve this problem? At first glance, it would

appear that the obvious answer to this question is to change the operation
to fit the plan. OCn occasion. thc answer is that simple. More frequently,
the evaluator faces the need for vbtaining additional information in order
to determine exactly what needs to be changed. I[n a program involving
many interdependent coinponents, a difficulty with one component may
be the result of malfunctioning in one or more other components. In
some cases, a quite different response to the above question may be
necessarv. [t may be that the particular aspect of program operation
cannot be, or should not be, made to conform to the plan. That is,
information obtained during this initial operation of the program may
force the decision that the plan itself can be made more useful through

certain modifications.

3. Is the program operating according to the planned procedure

but not achieving the program goals”? A basic purpose of program try-

out is to obtain information that can result in program improvement.
To serve this purpose, data must be gathered to determine whether

the operating program achieves its goals. If it offers n~ promise for
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achieving the desired results, it must be modified. Note that this
iutvolves a modification in the plan of the program as well as in its
operation. It is to be emphasized that such a modification should not
be undertaken until the developer is satisfied that the originally planned

program has been shown to be inadequate.

These three questions were the basic concerns in the evaluation
of the initial implementation of the IM program. The developers and
evaluators were concerned with such questions as: "Are the lesson
materials teaching as planned?' 'Are all tests functioning properly?"
"Are classroom management procedures being implemented as planned? "
These and many similar questions provided the {ocus for the evaluation
of the program operation. All of the procedures used in this phase of
evaluation cannot be described in this report, but some description of

what was involved can be outlined in terms of sources of information

used.

Information Sources

Classroom observation (participant observation). An essential

first focus of evaluation of the operation was in attending to the specific
problems encountered by pupils and teachers as they used the new les-
sons, tests, record forms, and other similar materials. To accom-
plish this. provision was made for having a member of the development
staff in the schools and classrooms on an essentially daily basis. This
person (and frequently more than one person) observed classroom up "1~
tion. worked with pupils on lessons, discussed problems with teachers,
and <ndeavored to be responsive to any type of feedback that indicated

a need for program modification. This provision for having a developer/
evaluator present in classrooms continued for approximately two yea.r .
Information obtained through this procedure was personally transmitted
to other members of the development staff who used it as a basis for

prog ram modification.
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Use of test results. An obvious and important type of data used

in formative evaluation was pupil performance on CETs for each of the
many lessons. Lessons for which any significant number of pupils could
not pass a first CET were subjected to further analysis (including dis-
cussions with teachers and pupils) in an effort to identify and remedy

any problems. A similar use was made of results from unit posttests.

It may be worth noting that a program such as IM (as well as IPI
and PEP), which uses CETs and unit posttests that are criterion-
referenced to specified objectives and that are also 'referenced'' to
specifi lesson materials, have a type of built-in formative evaluation.
Since these tests are given regularly as a part of program operation,
dat:z concerning typical pupil performance on each lesson are rather auto-~
matically collected. Such information almost forces itself on the atten-
tion of the teacher or other responsible persons and, if it is disappoint-
ing, leads to an investiga!ion of causes. Although most systems of
instruction make some use of pupil tests, the usc of results for system-
atic formative evaluation is far from typical. In the IM system, the
fact that gathering such test data is a regular part of program operation
and the ease with which results can be associated with specific program
components should enhance the chances that systematic formative evalua-

tion will be employed.

The formative evaluation of the IM program also made use of other
tvpes of test results. Since an IM placement test, which provides a
measure of pupil mastery for each unit in the curriculum, was available,
it was employed to obtain a measure of pupil retention of skills that they
had mastered. Feedback from such testing resulted in suggestions for
program modification, such as changes in criteria for certifying initial
mastery of a unit whether this was done on the basis of unit pretest or

unit posttest results.

Feedback from teachers. Another important source of evaluative

feedback concerning the operating program was meetings with teachers,
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whether the feedback was an incidental output from a regular meeting or
an intended outcome of a special meeting called for the express purpose

of discussing the IM program.

""Unobtrusive measures. " Having a member of the development

staff working in classrooms on a daily basis also permitted the gather-
ing of a variety of types of data, some of it of the “'unobtrusive measure’’
type (see Webb, Campbell, Schwartz, & Sechrest, 1966). For example,
at times it became evident that certain boxes were not becoming soiled
or worn to the same extent as the typical box. This evidence of lack of
use became the signal for an investigation of why this was true. A simi-
lar signal was obtained when it was noted that the supply of lesson book-
lets for a particular objective was not being depleted at the expected
ra'te. Further information of the same general type was obtained when
unit posttests for a particular unit were not being used up. All such
indications of a lack of use of particular matarials had to be followed

up to determine the reasons for the situation. In some cases, materials
were inadequate, & test might seem invalid, or a unit might appear out
of place in terms of the prerequisites it demanded. Formative evalua-
tion of this type was a sequential process. When evidence of inadequate
operation. in some part of the program was obtained, a list of possible
explanations for this breakdown was formulated. Next, cach of these
explanations was investigated to determine its plausibility. In most
instances, this investigation involved changing some given condition
(revising a box activity or a booklet page, changing prescribing pro-
cedures, modifying a test, changing a classroom procedure) and noting

whether this corrected the problem.

Pupil records. A major source of formative evaluation data was
the record of pupil progress. Such records were scanned regularly to
note smich things as the amount of time pupils were spending on given
objectives and given units, whether certain units or objectives were
being skipped, and the amount of retesting required in units.

D't
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Assessing the Achievement of Program Coals

The extent to which the IM program has achieved its development
goals at its present stage of development can be examined most meaning-
fully in relationship to the four process goals which were described on
pages 4-5 above. In essence, these goals describe the important charac-
teristics of the program that were to be developed. An important aspect
of evaluation at this point in development is to ask the question "Does
the program exemplify these characteristics?" More ultimate questions
concerniny the effects of this type of program on students can only be
partially answered at this point. Final answers can only be obtained
when the development work associated with a comj:lete implementation

of the program in classrooms has been accomplished.

Process (oal 1

The curriculum will be based on mathematics content which empha-

sizes an understanding of mathematical svstems as well as competency

in performing operations. The description of the mathematical content

of the iM progrum provided in an ecarlier section of this report indicates
some of the steps followed in working toward this goal. That section
describes the "mathematical systems" crientation and the specific con-
tent, in the form of definitions and principles, derived ‘rom this orien-
tation. It also gives examples of specific IM objectives related to cach
such definition or principle. The concern for competency in performing
arithmetic operations is reflected in specific units and lessons that
teach these operations and also in the Maintenance program: which gives
the student extra drill and practice on such =kills. An evaluation of the
extent to which the characteristics described in process (ioal | have
been built into the [M systern can best be made by examining the content
of the program and by analyzing the rationale for that content as pre-

sented in earlier sections of this paper.
{4
4
03
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Process Goal 2

The specific objectives of the curriculum will be organized into

hierarchies within units, and units will be organized in a structure of

hierarchical relationships in such a way as to permit identification of

prerequisite relationships and alternative instructional paths. The fact

that the units and the objectives in IM were organized in these types of
hierarchies is attested to, at a basic level, by the presence of the hier-
archy among units as shown in Figure | of this report and by the 45 dif-

ferent unit hierarchies found in the IM Teacher's Manual (Lindvall,

Note 1). The extent to which such hierarchies identify '"'prerequisite
relationships' has not been totally validated up to this time. Some
studies. using empirical data to investigate such prerequisite orderings,
have been carried out and have resulted in certain changes in hierarchies
{DiCostanzo. 1974). However, additional studies, some currently under-
way.”};;ve vet to be carried out. The fact that these hierarchies ""permit
identification of . . . alternative instructional paths'' has been verified
by informal observation of the fact that many teachers do indeed use the

hierarchies for this purpose.

Process Goal 3

The program will provide for some variety in instructional materi-

als, including paper-and-pencil and manipulative activities, and provide

for the progressive development of independent study skills:* The first

part of this goal has been achieved. As the description found.in-'an ear-
lier section of this report has indicated, lesson materials developed and
found usable for the IM program include booklets, boxes of manipulatives,
games, laminated booklets. maintenance drill materials, and outlines

and practice pages for use in group instruction. Quite obviously, as
furthier efforts are made to meet the learning needs of indlvidual students,
additonal types of lessons may be added and those currently being used

should be improved. This is a major goal of wurk being planned for the
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next two vears. However, the variety in materials now availabl: in the
INM program represents a definite forward step from previous LRDC
efforts. The "progressive devclopment of independent study skills' has
been built in as a definite part of the IM curriculum. Procedures for
achieving this have been outlined in supporting documents on classroom

management (see Note 3 and Note 5).

Process Gioal

The program will be «n instructicnal svste:s: made up of specified

components involving materials and specific procedures for pupil and

teacher use of these materials. As explained in other sections of this

report. @ major purpose in developing IM was to '""systematize' many
components and procedures initiated by PEP and IP]l. Experience with
these carlier programs indicated that it was not sufficient to suggest
mercly that teachers do certain things (e.y.. "use manipulatives, "
'prescribe alternative paths through the curriculum, ' "teach study
skills, " etc. ). It was the responsibility of the program developer to
build things inro the system that made these steps possible. This meant
that the total system had to include more preplanned components. This
goal was achieved in the IN program by giving attention to such com-
ponents as (a) manipulative lessons with models for pupil duplication
and supgested questions for use by the teacher. (b) instructional hier-
archies as guides to prescribing, (¢) a teacher's manual «with detailed
suggestions for use of all materials, (d)a guide for use in classroom

management, and (e) outlines of seminars on specific key topics.

Some Descriptive Evaluation Data

The development and trvout of a new instructional program, par-
ticularlv in a basic skills content area such as mathem. ics, carries
with it 2 responsibility for providing evaluation data tha serve to

iescribe how students who use the new progran: 4o on so~w« generally
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known tests of achievermnent. This can be meaningful information to
persons considering using the program. For example, a potential
adopter may wish to have an answer to the question, "Can pupils show
¢ respectable level of achievemnent on a standardized test if [ adopt the
IM program? ' Perhaps of more importance, such test information can
be used by the developer in identifying specific skills and abilities not
being learned by pupils who use the program. This, in turn, should
lead to a search for answers to such questions as: "Arec these skills not
taught by the program?'" "If they are not taught, should the program
be modified to teach them?'" "If they are covered by the program but
not being learned, what changes need to be made”" '"Are these skills
taught at a relatively late point in the new program and, therefore, not

reached by pupils at this grade level?"

With the IM program, s:andardized test data have been used for
such purposes a those described in the foregoing. For this reason,
the scores can best be referred to as providing "descriptive evaluation
data, ' as contrasted with "criterion evaluation data, " A further quali-
fication that must be noted by anyone examining these standardized test
results is the fact that these data werec obtained from schools that were
also using other innovative programs. For example, as the IM program
was being implemented and studied over a three-year period, changes
were also being made in other aspects of the curricula of the two schools
involved. These other changes, such as those in reading instruction,
in the perceptual skills program, and in the science curriculum, could

well have had an influence on math achievement,

Standardized test results that have been examined during the de-
velopment of IM include results from two differcat tests used at School
A, a small suburban school, and one test used at ~chool R, a large

inner-city elementary school.
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School A Data

Scores from the Stanford Achievement Tests for School A primary

grade pupils are presented in Table 1.

Table 1

Mean Scores for Arithmetic Subtests on SAT for
School A Pupils, Grades 1.3, 1968-1973

Schoo! Year
(L;"""l“ Subtest (Pre-IM) (M
o 6869 6970 70-71 71.72 72.73
Grade 1 Arithmetic 22 2.4 24 2.5 2.
Grade 2 Arithmetic Computation 28 2.7 29 3.0 29
Arrthmetic Concepts 3.2 30 34 3.7 3.2
Grade 3 Anthmetic Computation 34 3.7 4.1 38 39
Arithmetic Concepts 43 46 J 4.7 a8 37

The first two years for which data are reported are years in
which IPI or a combinaticn of PEP and IPI were used in these class-
rooms. [M was used in the years 70-71, 71-72, 72-73, although the
first of these three years involved the implementation of a relatively
incomplete version of IM. For the first grade, the data indicate that
students were achieving above grade level prior to the introduction of
IM and maintained this level after it was implemented. In the second
grade, arithmetic computation skills remained at grade level with the

‘new program while arithmetic concepts scores showed some increase.
At the third-grade level, there was some improvement in computation
scores for the IN vears and a minor rise in concepts scores, which

had been at a high level under the pre-IM progra.m.

The scorcs on the Wide Range Achievement Test (WRAT) for

School A pupils in kindergarten through third grade are summarized

62
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Table 2

Mean Scores for the Arithmetic Subtest on the WRAT
for School A Pupils, Grades K-3. 1969-1973

School Year
Grade
Leve! {Pre-1V) (1M}
69-70 7071 7172 7273

Kindergarten 1 EY) 1.9 1.6 1.4
Grade 1 25 25 26 25
Grade 2 29 32 3.4 3.2
Grade 3 3.9 4.2 4.1 4.1

Perhaps the most noticeable thing about the WRAT scores is the
relatively high level of performance in kindergarten and first grade and
a slightly lower relative performance for second and third grades,
although pupils at the latter two grades are also scoring above grade
level. The extent to which pupils show a particular grade-level per-
formance on any standardized test is partly a function of the extent to
which the abilities sampled by the test items are abilities covered at
that grade level by these students. In an effort to examine possible
causes of the relatively lower WRAT scores for pupils in grades 2 and
3 as compared with scores for pupils in grades K and 1, an analysis
was made as to how far along in the IM curriculum a pupil would have
to be to cover the content required to achieve given grade equivalents
on the WRAT. Assuming that the average pupil worked through the IM
units in the order in which they are numbered, the cumulative number
of units that would have to be completed to achieve at each grade level

can be summarized as follows:

Kindergarten . 10 units

Grade ! 12 units

Grade 2 28 units

Grade 3 34 units
58
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It can be assumed that the large number of additional units that had to
be mastered to move from a grade equivalernt near the beginning of
second grade to that of completion of the second grade was a factor that
produced the relatively smaller progression of second-grade pupils.
That is, the WRAT data for School A could be interpreted as resulting
from the fact that the average first grader enters that grade having
mastered enough IM units to give him or her a grade equivalent of about
1.5 (approximately 11 units). Covering an additional 9 units in grade 1
(approximately 20 units in total) results in mastery of enough content

to lead to a grade equivalent of about 2.5. However, masteting another
9 units in grade 2 (for a total of 29 units) would result only in a grade
equivalent of about 3.1. In other words, covering the content required
to go from 2.0 to 3.0 on the WRAT involves mastering a relatively

large number of units (16} in the [M curriculum.

School B Data

The only standardized test scores used with the School I3 program

were those provided by the WRAT. These arc summarized in Table 3.

Table 3

Mean Scores far the Arithmetic Subtest on the WRAT
for School B Pupils. Grades K-3, 1963-1973

Grade School Year
Level (Pre-101) M)
69-70 70-71 71.72 7273
Kindergarten 14 13 13 K G_-
Grade 1 2.1 P24 24 25
Grade 2 2.3 i 27 29 28
Grude 3 3.1 ! 32 30 1.6
f
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llere it can be secen that the kindergarten and first-grade scores
are quite good. with the exception of the mean score of K.6 for the
kindergarten in 72-73. This lower score is assumed to be associated
with difficulties related to the implementation of certain non-math activi-
ties which resulted in some disruption of instructional schedules in these
classrooms. The relatively smaller increase in performance from the
end of first grade to the end of second grade (i.e., from 2.5 to 2.8 in
72-73) appears to be related to the larger number of units that must be

mastered to cover the nccessary content,

Discussion

The limited amount of data, gathered under previously qualificd
conditions. concerning the performance of IM pupils on standardized

achievement tests may be summarized in terms of the following impli-

cations:

1. Pupils using the IM program can show re¢latively high achieve-
ment on standarized tests (note the data for grades K-3 at School A and
for arades K and 1 at School B). The extent to which this result is
att';ined is probably a function of exactly how the program is imple-

mented.

2. The achievement of IM pupils on standardized tests is also a
function of the match between the content of the test and the content of
the IM units mastered. As indicated in the comparison of WRAT item
content and IM units, second-grade pupils working in IM must master
a relatively large number of units to move from a grade two to a grade
three grade equivalent. Teachers using IM and concerned with scores
on the WRAT as an important criterion measure could emphasize alter-
nate p.ths through the hierarchy of units, paths that would insurc that
most of their second-grade pupils would master units covering skills

measured by the test, This would mean that certain units, deemed
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important by the IM development staff but not measured by the WRAT,

might not be studied until third or fourth grade.

3. A curriculum which has the built-in flexibility of the IM pro-
yram can be implemented by a local school staff in a manner designed
to achieve the goals they consider most important. For example, the
procedure suggested above for adapting sequences of units studied to
enhance achieverment on the WRAT could also be used with other tests
as the criteria. On the other hand, a school might choose to ignore
standardized test scores as criteria and use the program more as a
vehicle for building pupil self-concept through experiences of meaning -
ful progress and opportunities for independent planning, successful

learning experiences on a daily basis, and objective self-evaluation.
Yy

THE PROCESS OF DEVELOPMENT AND IMPLEMENTA TION:

SOME CONCLUSIONS FROM WORK ON THE IM PROJECT

Work on the development and implementation of the Individualized
Mathematics program involved the intensive efforts of a small project
staff over'a three-vear period. Members of the staff, all of whom came
to this work with a background of some iavolvement with earlier LRDC
programs. had a2 relatively unique experience in terms of their personal
participation in the broad range of tasks in design, development, imple-
mentation. and evaluation of the program. The scope of their work
ranged from the specification of instructional objectives and the design
of lessons and tests to extended experience in working with pupils and
teachers both on instructional problems and on veryv practical problems
of materials supply, storage, and replenishment. In view of the rela-
tive uniqueness of this experience, it would scem useful to attempt to
summarize some of the insights concerning development, implementation,
and evaluation. as these activities are carried out in ongoing school pro-

grams, that have been gained from this work.
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Various procedures can be followed in developing and implement-
ing a new instructional program. A common practice is for the developer
to produce new materials, giving each item intensive tryouis with indi-
vidual pupils, and then implement the program in one classroom in
order to carry out any modifications that are suguested by this type of
in-context trial. Following this latter trial, the revised program is
turned over to persons interested in implementing it in ongoing school
operations. The procedure used with the IM project can b~ considered
as an extension of this common practice. This extension involved the
participation of the development staff in the implemucntation of the pro-
gram in 20 classrooms in 2 different schools, with the work extending
over a 3-year period. The use of this approach was largely a recogni-
tion of the fact that implementing a program in a total school situation
involves additional types of ''development'' that cannot bLe undertaken
under the conditions of a more limited trial. Some of this developinent
may involve modifications in instructional materials, the need for which
only becomes evident when the program is used by a larger sample of
teachers and students. However, much of the develoment has to do>
with problems of general management within a total school operation,
problems of supply of materials, of teacher training, of classroom
supervision, and of the integration of the new program with all other

activities of the school day.

These were some of the kinds of problems encountcred by mem-
bers of the IM staff as they worked in the schools on a daily basis.
Thev found that putting a program in general operation involved much
more than providing teachers with materials and a set of guidelines or
manuals for their use. What was required was additional work on pro-

gram development.
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The Tryout and Modification of Materials
as an Aspect of In-School Development

Most of the lesson materials and tests and related record-keeping
forms that were used in the implementation of the IM program had been
given previous trials with pupils. Many of the materials were minor
modifications of things used in earlier programs and had been given
extended trial in actual classroom use. Those materials that were new
and unique to IM were given a preliminary trial with individual students
or small groups. However, it was recognized by the staff that informa-
tion obtained in the initial large-scale implementation of all program
components should be used as a basis for further improvement of materi-
als and procedures. To accomplish this, a number of feedback mecha-
nisms were used. These included in-class observations of students and
teachers and records of pupil performance on lessons and les‘ts. Results
from this iype of feedback have becn described in the Evaluation section
of this report. OQur pu-rpose here is to discuss some of the things learned
about the processes of development and evaluation as a result of this

experience.

Positive Qutcoines

On the basis of the experience with IM, it would appear that a num-
ber of positive outcomes can be realized when developers are involved
in the extended implementation of a new program. These include the
following:

I. Developers have the opportunity to observe their program in
a rather complete example of the total context in which it must ultimately
function. [t is being implemented by a variety of teachers with quite a

broad sample of types of students.

2. Formal and informal feedback from tecachers arises from each

of these varied classroom contexts and is influenced by the differences

in perceplions that each tecacher brings to the task.
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3. Teachers, because of the nature of their experiences and their
specific priorities in the operation of an instructional program, attend
to many aspects of the innovation that are probably no! considered by

the developers.

4. In the IM experience, teachers are very cooperative in provid-
ing feedback and offeriny suggestions. Having a relatively large number
of persons quite intimately acquainted with details of Lests and lesson

materials provides a rich source for creative suggestions.

Some Problems

The experience that the IM staff had in extending their develop-
ment aclivities into the initial iimplementation of the program scrved Lo
aggest that this procedure also may result in certain problems. These

include:

1. The presence of a program developer in the school and the
classrooms. on a relatively regular basis, may reduce the extent to
which the implementation can be considered typical of the eventual
gencral implementation. For this reason, most LRDC programs are
now given further trial and evaluation in “'field site" schools where

such intervention by developers i~ not a part of the operation.

2. With a developer on the ~cvne, tecachers may be inclined to
brinu to her or his attention problems which could more appropriately
be solved by the teacher as an aspect of regular classroom opecration.
This is typically a result of the teacher's concern for doing a conscien-

tious job in serving as a program evaluator.

3. The developer must learn to be not overly responsive to every
teacher snggestion for change. Modifying materials or some other
aspect of program operation in accordancce with the suguestions of one
teacher may serve to create new problems for other teachers. For

this reason, suguestions made by one teacher must be checked with

6y



other teachers before a change is implemented. [f the change involves
modification of lesson materials or other materials with which the pupil
works, such changes should be tried with a sample of pupils before be-

ing incorporated inia the total system.

4. The regular presence of a developer in the school may result
in him being called upon to perform many services which shouid realiv

be a part of the continuing responsibility of reqular school staff.

5. Some uf the steps that she. s ' explored as a means to more
effective operation of a new prog carn ptshatly cannot be implemented
by a developer. Some such steps mav noicssitate coordinating activities
used in teaching one subject with those involved in teaching other subjects.
Others may require additional teucher time, tirne which canonly be
secured throush action ¢f & suilding principal or other responsible per-
son. All of this seems to sug... =t the nec a further fvpe of pro-
gram "development’ which can only be carr.  wut by perse:s having a
broader responsibility for the t¢-al toh syram *aan that which rests

in the hands of the developers of #4y on PR VPPN

System Implemdntaticn it Modification
as Aspects of In-School I3 ~elop'ient

The preceding section discussed aspecis of basic program develop-
ment--refining lesson materials, tests, ar basic prozedurces for the use
of such matesials--as these development activities 'were facilitated by
working within a large-scale school operation. This scction will attemot
to identify other aspects of program development, those sciated to over-
all operation of the system, to teacher training and supervision, to co-
ordination with other school programs, and to the involvemern: of admin-

isirators, parents, and community,

ERIC
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IM as an Instructional System

The ILRDC programs for the individualization of instruction in
mathematics have used a type of ''systems' approach to the development
and the operation of the instructional grog~am (Lidvall & Cox, 1970}.

at iy. they are based on the assuraption tliat efective individualization
requires attention to all essential compunents of an instructional system.
1PI, PEP, and IM have much in common in terms of the extent to which
they have a "built-in' systematization uf certzin components. All three
programs have prespecified objectives of instruction, a system of tests
and of testing procedures, specific forms and procedures for prescrip-
tion writing, and stzndardized :aching materials. In [PI, these materi-
als and accompanying recorc ° rmes, whea used by teachers who had
vuxperienced a certain orientation to tiie program, are expected to result
i the desired program operation in th2 clarsrowxn, PEP, in its most
effective implem« ntation, used most of the foregoing compenents tud
added a more intensive program of teacher training and continiing super-
visicn in an effort to achieve nmiore effective diagnosirg and prescribing
behaviors on the part of the teacher. [IM, atte.upting to capitalize on
the most effective aspects of [Pl wi.:. PL, endeavored to employ ail of
the major components of its predecessors. That is, it used most of
the same type ot ''material’ compouents of the earlier programs and
attempted to add to and extend the attention to diagnostic ard instruc-
tional procedures initiated by FEP. In this latter endecavor, however,
certain modifications in prucedure were necessary because ¢f the fact
that IM, rather quickly, was implemented in many more classroom=
than had been the case with PEP.  Amany other things, this meant that
the individ..al supesvisory assistance provided under PEP had a3 be
replaced by a reliance on documents offeriny puidelines and supuestions,

such as the Teacher's Manual, the Testing Manual, and ceriain shorter

docnments outlining specific steps ¢ . classroom management. Also,

IM represented an attempt to give attentior to oven more compponents
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of the total instructional system than was the case witi: PEP and iFI.
This expansion of the system concept and the attempt to implement it
and study it in a relatively large nuinber of classrooms provid.c:c.l”t.hc
opportunity is gain new insights concerning this approach to program

design and implementation. Some of these are described in the follow-

ing section.

The Interaction Between the Roles of

the Developer and Implementer

i*erhaps the major lesson learned by the staff of the IM projec:

from their work on the implementation of the program in ongoing school
operations was that concerning practical limitations on the extent to
which d:vvlopers can impose a detailed instructional system upon a

chool. This situation may he analyzed in tecrms of the fact that even
though developers concern themselves with the design of what would
appear to be most of the relevant components of the instructional sys-
ten., putting the program in operation in the school involves its inter-
actinn with a number of other "systems" already existing in the school
and having a major influence on what takes place therc, Here we are
referring to such systems as the administrative structure of the school,
traditional relationships between pupils and teachers, and such aspects
of the social system as teacher role, general goals of teachers and ad-
ministrators, and traditional norms for managing instruction. These
considerations place certain limits on what the developer can accom-
plish as an implementer and suggest certain responsibilities that a pro-

pram implementer may have for development.

The developer as an implementer. ‘L IM experience scems to

offer some support for the following perspectives on the task of the
developer as an implementer:
l. An instructional program of any degree of complexity (such

as IM. 1Pl. and PEP) will probably eventually be implemented in a

|
(\W)
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number of different ways, ecach representing a variation on the original

specifications.

2. A program developer can only hope to develop and control
some limited number of the components that will comprise the instruc-
tional system in operating schools and classrooms. One can only hope
to certify that actual tyrout shows that when these compenents are used
in this way and under these conditions, these results will be produced,
The developer cannot hope to control all conditions of implementation
nor hope to evaluate the program 1.1‘n’der all possible variations in the

relevant conditions,

3. One given instructional program, depending upon how it is
implemented, can be used to achieve differcnt types of basic goals. For
example, if a school using IM considered average pupil achicvement on
some specific standardized test as the major criterion of success, the
local implementer could analyze the criterion test and then identify
those components of the system thar should be given major attention in
adapting the program to this school (e.g.. specific units to be empha-
sized, appropriate procedures for recinforcement for test passing, an
emphasis on reinforcement for rapid progress, ete. ). If another school
had as a major goal the development of cach pupil's self-confidence and
self-initiative as a learner, other aspects of the program implementa-

tion would be emphasized.

4. A developer or implementer cannot expect to achieve the
degree of implementation deemed essential without knowledge, and
some degree of control, of a varicty of component s of the system that
ave already present within the school and community. As one simple
example, a developer or implementer cannot expect a teacher to adopt
a specific classroom procedurc if this procedure is "frowned upon' by
the administrative and supervisory staff of the school. The task of im-
plementation, then, requires involvement and commitmeoent on the part

73
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of all persons having an impact on what takes place in classrooms.

Some of this involvement may require certain types of development.

The implementer as a developer. The points outlined in the pre-

ceding section have specific implications for the task of implementation.
Implementation is rich more than the imposition of a given program
operation upon &+ school and (lassrooms. [t is the sdaptation of the pro-
gsram and the modification of ih+ Tocal situation in such 2 manner as to

he piven operation can achieve the desired

maximize the chances that
local goals. In a rcal scure, the task of implementation is one of fur-
ther on-site development,  The tollowing wppear to be points that are

relevant to this task:

1. There undoabtedty <2 some limits on the extent to which it
is possible or desirable Yor a developer to impoese all details of opera-

tion of an instructional system on a schiool or on an individual teacher.

2. The implewsentation vole, whether carried out by an "imple-
mentation staff, " by teachers, vy administrators, or all of these per-
sons, must invelve further dewvelepment activities, Of central concern
here will be the development of teacher functions, of supervisory activi-
ties. and of a variety of procedury . necessary for making the new pro-
grain operate successfully in ti > focal situation. Another major aspect
of thix development will be the specification of the voals of the local
implementation and the modification of the program to focus on the

achievement of these goals.

3. The LRDC School Implementation staff, working in tw: develop-
mental schools, can only demoenstrate implementatior and development
within these specific c ntext . Th. staff can contribute to the develop-
ment and improvement of (he o sterm anc can demonstrate that programs
do work under these certain conditions.,  Their role is aralogous to that
of the lesson designer giving new lessons a preliminary trial with one

or two students at a time.

7
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4. Another major contribution of the Center's School Implemen-
tation staff could well be in the development of guidelines for carrying
out the implementation process in any local situation. This is another

aspect of the implementer's role as a developer.

5. Implementation of a new program within any school situation
probably should involve rather intensive self-study by the local staff.
Such a study should seek to answer questions of the following type:

(a) What goals are we attempting to achieve with this new program?
(Studying this should involve a real cffort to achieve staff consensus
and commitment.} (b) Who are all the persons that must be involved if
this new program is to be implemented in such a way as to achieve
these goals? {(c) [n what ways must our school organization and proce-
dures be modified if this program is to help us achieve our yoals?

(d) How must this innovative program be modified to serve our nceeds”

Sunmary

The development of the Individualized Mathematics program was
carried out in an integrated development-implementation effort in which
the program was being used in approximately |5 classrooms as it was
being designed, tested. and revised. This integrated effort afforded an
opportunity for the generation of certain tentative insights into the two
processes involved. The basic insight would seem to be that develop-
ment and implementation are not two discrete steps that can be carried
out in a one-two order. Successful implementation requircs certain
types of adaptations of the new program to the requirements of the local
school situation. It also requires certain adaptations of the school's
total system of operation to the requirements of the new program. This
means that development is not really completed until a program is operat-
ing successfully in each specific school context. It also imiplies that
some key aspects of the development «ffort must be the responsibility

of the implementer.

70
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APPENDIX A

Specific Objectives for the Individualized
Mathematics (IM) Program as Organized by Units

1. Matching: Same/More/Less

Given two sets of objects, the student pairs the objects and states
Given two sets of objects, one grossly larger than the other, the
Given two sets of objects, one grossly larger than the olther, the
Given two sets of objects, the student pairs the objects and states

Given two sets of objects, the student pairs the objects and states

Given two objects of different sizes, the student selects the larger
Given three objects of different sizes, the student sclects the largest
Given objects graduated by sizes, the student scriates according t

Given three sets of objects, the student matches and states which

Given several sets of objects, the student seriates the sets accord-

(iiven a stated numeral and printed numerals with sets to 5, the stu-

A,
if the sets have the same number of objects.
B.
student states which set has more.
C.
student states which set has less.
D.
which set has more.
E.
which set has less.
Unit 2. Seriation
A,
(smaller) object.
B.
(smallest) object.
C.
size.
D.
set has the most (least).
E.
ing to number of objects in each sect.
Unit 3. Number Concept and Counting to 5
A. Given two sets of numerals (to 5), the student matches.
B.
dent selects the stated numeral.
C. (iiven a written numeral with a set to 5, the student reads.

T
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Appendix A (Cont'd)

D, The student recites numerals in order (to 3).

E. Given a set of 0-5 moveable objects, the student counts objects
moving them out of set as he counts.

F. Given fixed sets of ordered objucts | to 3, the student counts ob-

jects,

(. Given a stated numeral to 5, the student writes it.

Unit 4. Number Concepts and Counting to 10

A. (iiven two sets of numerals to 10, the student matches.

B. (Given a stated numier:! and printed numerals with sets to 10, the

student selects the - < naumeral,
C. (iiven a written nume cth a set to 10, the student reads,
. The student recite rals in order (to 10).

E. Given a set of U-10 moveable objects, the student counts objects.
o diven a fixed set of ordered objects 1-10, the student counts objedts,

Vi. Given & stated numeral to 10, the student writes -+

Unit 5. Pairing Numerals with Sets to 5

A. Given a fixed set of unordered objects to 5, the student counts ob-
jects. )

B. Given either a numeral to 5 and scveral sets of objects or a set and
several numerals, the student either identifies the set represented
by the numeral or the numeral represcnted by the set.

C. Given several sets of objects and several numerals to 5, the stu-
dent matches numerals with the appropriate sets,

D. Given a number stated (to 5) and a set of obircts, the student counts
out subset as stated,

E. Given a number to 5 and a fixed set of objects, the student circles
the number of objects represented by the number given.

Unit /i, Pairing Numerals with Sets to 10

A. (Given a fixed set of unordered objects to 10, the student counts

84

objects.
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Given either a numeral to 10 and several sets of objects or a set
and several numerals, the student either identifies the set repre-
sented by the numeral or the numeral represented by the set.

Given several sets of objects and several numerals to 10, the stu-
dent matches the numerals with the appropriate sets.

Given a number stated (to 10) and a set of objects, the student
counts out subset as stated.

Given a number to 10 and a fixed set of objects, the student circles
the number of objects represented by the given number.

Unit 7. Comparison of Sets

A.

Given two sets of objects, the student counts and states which set
has more (less) objects or that the sets have the same number of
objects.

Given three sets of objects, the student counts and states which set
has the most (least).

Given two sets of objects (not paired), the student states which set
has more--regardless of arrangement.

Given a set of objects and a numeral (to 10), the student states
which shows more (less).

Given a set of objects and a set of numerals, the student selects
the numeral that represents the set, one more than the set, and
one less than the set.

Given two written numerals, the student states which shows more/
less.

(iiven a set of numerals 0-10, the student places them in order.

Unit 8. Addition and Subtraction Concepts

A.

B.

Given two sets, the student makes the two sets equivalent by adding
or removing objccts.

‘iwven two numbers (whose sum is to 9) and a set of objects with the
directions to add, the student adds the numbers by counting out two
subsets then combining and stating the combined number as the sum.

Ciiven two numbers (to 9) and a set of objects with directions to sub-
tract. the student counts out smaller subsets from larger sets and
states remainder.
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D. Given two sets, the student draws a picture showing the union of
these sets. (LIMIT: Maximum of 9 elements in the union set. )

E. Given a set, the student shows (i.e., by crossing out objects) the
removal of a subset.

F. Given a representation of union of sets or removal of a subset, the
student writes the number sentence. (LIMIT: Sums through 5.)

(G, Given a representation of union of sets or removal of a subset, the
student writes the number sentence. (LIMIT: Sums from 6-9,)

Unit 9. Addition and Subtraction Using the Number Line

A, Given a number line illustrating a number sentence, the student
identifies whether the operation of addition or subtraction is indi-
cated. (LIMIT: Sums to 9.)

B. Given a number line and a completed addition or subtraction sen-
tence, the student uses the number line to illustrate the sentence,

"(LIMIT: Sums through 9.)

C. Given two numbers stated (sums to 9) and a number line with direc-
tions to add, the student uses the number line to illustrate the addi-
tion and find the sum.

D. Given two numbers stated (to 9) and a number line with directions
to subtract, the student uses the number line to illustrate the sub6-
traction and find the solution.

E. Given a2 number line and an addition or subtraction problem, the
student uses lthe number line to illustrate the operation and find the

solution.

Unit 10. Addition and Subtraction Sentences

A. Given addition and subtraction word stories, thc student writes the
number sentence. (LIMIT: Sums to 9,)

4

. Given pictures, the student illustrates union of sets or removal of
a subset, and writes the number sentence. (LIMIT: Sums through 9.)

C. Civen an addition or subtraction sentence in the form: a + b = D
ora-b= D . the student completes the sentence.

a a
D. Given an addition ur subtraction sentence in the form: +b or -b,
the student completes the sentence.

E. Given an addition sentence, the student writes two subtraction
senlences for the same numbers. (LIMIT: Sums thr wugh 9.)

ERIC
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(Given a number sentence in the form a + D = ¢ or D +b =c,
the student completes the sentence. (LIMIT: Sums through 9.)

Given a number sentence in the form a - D 4 A , the student
gives several solutions for the sentence. (LIMIT: Sums thrcugh
9.)

Given z set or » number line to represent a sum, the student writes
several addition and subtraction sentences for each sum.

Unit 11. Beginning Fractions

A.

.

H.

Given a partitioned shape, the student indicates w hether or not the
parts are aquivalent. (LIMIT: 2, 3, or :* parts.)

Given a shape partitioned into equivalent parts, the student writes
the numeral that indicates the number of parte. (LIMT™T: 2, 3, or
4 parts.}

Given a whole object and fractional parts of that object, the studert
iderntifies ¢ne-half, one-third, one-fourth, and a whole object and
states how many halves, thirds, or fourths are in a whole.

Given a set of objects partitioned into equivalent p-rts, the student
states how many equivalent parts are in the whole and identiries
whole, halves, thirds, or fourths of the set.

Given objects and sets of objects partitioned inte vguivalent parts,
the student states how many equivalent parts are in the whole and
identifies whole, halves, thirds. and quarters.

Given a shape, the studer” partitions it inio halves, thirds, or
fourths.

(iiven a set of abjects, the -turlent partitioas it into halves, thirds,
or fourths.

Given two wholes partitioned in.to halves, thirds, and guarters, the
student states how many parts are in both whole:.

Given reuions aad sets, the student partitions them into halves,
thirds, and quarters.

Unit 12. Money [

A.

fiiven a collection of 1. 5. coins andd the name of a specified onin,
of its

the student matches the specified coln with a picture of cither
faces.

3.3
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Unit 13. Grouping by Tens and Cnes

A. Given a set of objects, the siudent groups the objects by tens and
counts the groups as one ten, twc tens, . three tens, . . ., ten ..ns.
(LIMIT: Numbers of objects ars .5 multiples of ten, from 10 through
100.)

B. Given a set of objects, the student groups the objects by tens and
completes statements of the form tens and ones.
(LIMIT: 1 through 99.)

C. Given objects structured in groups of tens and ones, the student
completes statements of the form tens and ones, and
then writes the standard numeral.

D. Given a list of standard numerals, the student selects the numeral
named by a given statement of the form tens and
ones. (LIMIT: I through 99,)

E. Given a standard numeral < 100 and objects, the student counts out
and arrange - into set* of tens and extra ones the nuinber of oljects
indicated by the nume.al.

F. Given a standard numeral, the student completes statements of the
form tens and ones. (LIMIT: 1 thro.gk 29.)

Unit 14. Time I

A. The student says the names of the days of the week in order.

Unit 15, Numeration to 100

A. Given a number chart, tI'  student comple:es it by writing missing
numerals from | through @9,

B. Given objects structured in groups >f tens, the student counts the
groups as ten, twenty, thirty, . . . , on» hundred. The student
says the multiples of ten in order from ten to one hundred.

C. (Given a standard numeral, the student says the nur..L.: name.
(LIMIT: 1 through 100.}

D.  The student counts to 100. (L.IMIT: | through 100.)

Unit 16. Money II

A. (iiven a picture of a U. .», coin, the student writes its numerical

34
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Unit

17. Addition and Subtraction with Sums to 18

A,

Given an addition or subtraction sentence and a number line, the
student uses it to illustrate and complete the sentence. (LIMIT:
One-digit addends.)

Given an illustration of the union of sets or r- .noval of a subset,
the student writes the number sentence.

Given pictures, the student illustrates union of sects or removal of
a subset and writes the number sentence. (LIMIT: One-digit

Given an addition or subtrzction sentence, the student illustrates
using union of sets or removal of a subset. (LIMIT: One-digit

Given an addition or subtraction word story, the student draws
pictures illustrating union of sets or removal of a subset and
writes the number sertence. (LIMIT: One-digit addends.)

Given an additio. or subtrac: 2 sentence written in vertical form,
the student completes it. (! MIT: One-digit addends.)

The student says the names of the months in ordcr.

G: en a clock face, the studen: writes the missing numecrals on the

Given a clock face with the minute and hour hands shown and a set
of staterments describing the rosition of cach hand, the student
identifies the correct st <ements for each face.

Given an addition sentence. tne student writes a scecond addition
sentence which illustrate< the commutative property ol addition,
the student tests to see if the commutat. /e property holds for sub-
traction., (LIMIT: Cne-digit addends,)

¢ .on an addition sentence, the student writes two subtraction ~on-
t. nces for the same numbers, (1IMIT: One-digit addend..

. oa

B.
C.
addends.)
D.
addends.)
E.
F.
Unit 18. Time [I
A,
B.
face.
C.
Unit 19, Open Sentences
A.
L.
C. Given a number sentence in the

4+ . the student

for
compleinrs the sentence in several wavs. (20T Cne-digit

addends. )

si.
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D. Given a number sentence in the form a + D = ¢ or D +b=c,
the student completes the sentence. {(LIMIT: One-digit addends.)

E. Given a number sentence in the forma +b = D + D, the stucent
completes the sentence in several ways. (LIMIT: One-digit
addends. )

F. Given a number sentence in the torma +b = ¢ * D ora+b- [:: +d,
the student completes the sentence. (LIMIT: One-digit adderds. )

Unit 20. Multiplication

A. Given a set . 10, the stud:nt replicates and states "a sets of b are
in c. "

B. (Given a number line with equal intervals indicated, th. tudent com-
pletes statemcnts of the torm: Therc rre jump.. of
in each jump.

C. (Given a number line, the student beyins at zero an:! draws arrows
to show a given uumber of jumps of a given size.

D. Given an array, the student completes statements of the form:
"There are zets of in each set."

F. tiiven the number of sets and the number in each set, the student
makes the -rray. (LIMIT: One-digit factors.)

F. Jiven an array, or a number line with equal intervals indicated,
the studernt ~¢-iplotes statements of the form: " jumps/rows/
sers of in UOLIMIT: Cne-digit factors.) -

G ieen . on of number line intervals and arrays, the student
stutes ! sts of b = ¢ z2an ke noted s axb - c., (LIMI:: Sin-

ple-digit 1. Lwors. )

Upit 21, Word Names: -Zcro o Ninety-Nine

A. Giver word sames for numnbers zero to ten, the student reads the
word na anu rnatrhes it to the corre=ponding ~et or -tandard
~umee cal,

B, Goven o s sro-tandard numeral O te 39, the student wries the

WOre ranie oo the number,

C. itcen word rames for maltiples of ten - 190, the = dent reads
e word nar.e ard matchies it to the serrvesponding srructured set

or staiard sumeral.

M viboen worvl ranses {or numbers to 1 sracent rer Do the word

nat - &ned aiches to the correspondier <oovas e or standard

Sreroral,
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Given an ordered set with an element indicated, the student identi-
fies the ordinal position of the element. (LIMIT: tirst-tenth.)

Given a pair of numbers, the student identities

‘which number is
"orezter han' and which number is 'less =% " ¢
1"

" the ether or if they

are ¢qual and writes nur. r sentences ¢ rziationship.

Unit 22. Division

A. Givan objects (.. -100), the student ¢ : .y a number - 10 and
states how many sets of a are in b,

B. Given a set of a objects, the =tudent circles sects of b objects and
completes statements of the form: "There are sets of b
in a.

C. Given a number lire illustrr*ing repeated subtraction, the student
completes statements of the form: jumps of a in each jump
wcre taken away from b to - zero' or "a jumps of in cach
jump were taken from b to = zero.' No repeated subtraction
shown. (LIMIT: Products through 25.)

D. Given the number of objects in the array and the number of sets,
the student makes the array and completes statements of the form
"There are cts of a2 in b" or "There are ¢ sets of
in b, " (LIMIT: “nec-digit factors. )

Unit 23. Applicutions

A. Given a pair of numbers and a specified operation, the =tudent
writes a number sentence or example and com:pletes it.  (LIMIT:
A-ddition and subtraction of one-digit addrnds. )

B. Given an addition or subtraction word »: the student writes the
number sentence ior the specified nuri

C. jiven an addition or subtraction wor. . oblem involvi V.
measurement urits, o+ time, the student writes the number.

D. Givena st adard nuneral or 2 Roman nunuersl, the student . tes
an equival .1 Roman or standard nurneral. (LIMIT: ] throuzth 30,1}

Unit 24.  t ractions

A, Givern o a region partition 4 inro cquivalent par: . with shaded
parts o, ‘he santence, the stvdent either completes -ontences of

the foilowing Yorm:; f equivalent part-, or identi-

o
fieew the correct picure. (TIMIt 12the.)

R
-
4

-~
-
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R.

D.

Unit

Given either a rcgion par-titioned - juivalent parts with shaded
parts or a fraction, the student either identiiies the fraction which
shows what part of .lie picture is shaded or identifies the correct
prcture. (LTMIT: lths.)

Given a region divided :nte equivalent parts, the student writes a
fraction for the shade« part and identifics the numerator and the
denominator. !1,IMIT: i2ths.)

Given sets of objects or a region and a fraction, the student parti-
tions thew. ‘nto equivalent parts and identifies the part the given
fraction indica.2s. (LIMIT: 12ths.)

Given a pair of fractions, the student uses *~, -, or = to show
the relationship of the two fractions. (LIMIT: 12ths, and cither
the denominz‘ors or the numeratoars in a pair of fractions must be
the same. )

25. Addition

Unit

Giiven three single-digit numbers, the student adds in two different
ways to llustrate the associative principle for addition and tests
for assuciative principle in subtraction.

{iven c :JJlumn addition problems with 3 or 4 single-digit addends,
the student _~lves and checks using the associative principle.

Giiven addition and subtraction problems with single-digit addends,
e student dermonstrates timed ma stery.

26, Multipi® cau o, and Division

Given an array, the ctudent writes muiti-"ication sentence~ for
each array. (LIMIT: Single-digit fact. . s.)

Given an array, the student writes division sentences for the
array. i JIMIT: Single-digit factors, )

Giiven word stories illustra ing a multip icatien <. :nce, the
s*udent write the multiplication sentence. (TTN T owungla-digit
facinrs, }

+ ~tudent

i3t taciors.

iiven word stories illuistrating a df i
writes the division seni--nce,  (LINMI)

Given & rues 0 v - he student shows courn ny by - <oted inter-
vals to a vivea »ooof and writes a multinlication sen'crre and a
reroatend acaite o Leater '+ matc his illustration.
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Given a number line and an end point, the student counts by stated
intervals to the end point, answers the question, ''How many inter-
vals of A are in B”", and writes the problem in a division sentence
and as rcopeated subrraction.

Unit 27. Numeration 100-1, 000

A. Given structured groups of 100 objects in :ach group, the student
counts by 100s to 900. and states that there are C groups of one
hundred in C hundred.

B. Given a set of 100-1, 000 obiccts {not rovad number but multiple of
10), the student counts by ifs, then 1is. :

C. Given a set of 100-1, 000 objects (not multiples of 10s or 100s), the
student counts by 100s, then 105, then ones.

D. Given structured groups to 994, the student completes the sentence

hundreds and tens and ones, and writes the
ni:mber as a standard numeral.

E. Given a standard numeceral for a2 number to 999, the student writes
the digit which is in the ones’, ten-'. or hundreds! place and identi-
fies the place value : particular digit.

F. fiiven a number - 1,7 . the student reads.

G. Given a stated number o 1,000, ¢« siudent writes.

H. Given word names for numbers to 9% the student reads the word
name and matches it to the corresponding structured #et or stand
ard numeral.

I. iven a place value chart, the student writes nun cals to 999 in
columns for hundreds, tens, and ones according 1o the place value
of each diuit.
liven a stated number (100-1, 000) and a set of objects, the st.dent
counts nut correct s.bseot and writes corresponding numer.al.

$. (iiven an indicated seriation, the studenr writes numbers in <hert
seqiences of numerals from a starving point. (LIMIT: 7))

nit 2. AMultiplication and Division .- ions

A, siven a multiplication table for frers, bHoth of whe .

the student writes the mnreral w Lelor, - in

i nses the table to cominlete » :laplication senrences 7 the
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B. Given a multiplication table for iacts with factors of 6-9, the stu-
dent writes the numeral which belongs in each empty cell and uses
the table to complete multiplication sentences of the forma x b = .

C. Given multiplication sentences with a missing factor, the student
solves the equation by writing the missing factor. (LIMIT: Single -
digit factors, )

D. CGiven division sentences with a missing factor or product, the
student fills in the frames fc - the missing term. (LIMIT: Single-
digit factors. )

E. Given a division sentence, .he student uses known multiplication
facts to solve the division sentence. (LIMIT: Single-digit factors. )

F. Given a division sentence in the form D ! b = ¢, the student writes
a related :. :ltiplication sentence in the formbx ¢ = D or c»b-= D
and completes both sentences by writing the missing product.
(LLIMIT: Omne-digit factors. )

G. (Given a wo . problem for which 2 multiplication sentence is appro-

priate, the student writes a corrvsponding sentence and uses a
ultiplication table to complcte it. (LIMIT: Tw- one-digit factors. )

H. ¢ .ven a multiplication table and a word protlem for which a division
sentence is appropriate, * .« student writes the sentence using the
multiplication table. (! (MIT: One-digit factors. )

Unit 29. Addition and Subtraction

A. Given 2 number written with two digits, the student evnands and
regroups.

3. Given an ad-lition problem, the -tudent adds Li~ing expande ) nota-
tion. (LINT: - 2-digit addends. )

C. + -ena subtraction problem, the student subtracts using ¢xpanded
r.oation. {LIMIT: Addend . 2-digit numerals, )

D.  Given an addition or subtraction problem, the student solves using
expanded notation. (I “MIT: - 2-digit numerals. -

Uni: 0. Money [II

. (iiven a picture of a U. S. dollar bill, .e¢ student states how many
coins of a specified denomination (penny, nickel, din., quarter,
or half-dollar) are equivalent in alue to 11. <‘iiven a picture of a
five-dollar bill or a ten-dollar bill, th. . :dent state~ how many
onc-dollar hills are equivalent in value to it.

ERIC
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Given a picture of a U. §. coin, the student identifies a set of coins
equivalent in value.

Given a picture of a dollar bill. the student identifies sets of coins
that are ecuivalent in value to a dollar.

Given a picture of a set of coins, the student writes the valuu of the
set and id atifies a set of coins equivalent in value. (LIMIT: ©9
cents. )

Given a picture of an item and its purchase price, the student identi-
fies a set of coins needed to purchasc it. C(LIMIT: 99 cents.)

Unit 31. Addition and Subtraction Two-Digit Numbers II

A. Given a two-digit addend and a one- or two-diygit addend, the student
adds using the standard algorithm. (LIMIT: No regrouping: sums to
90.)-

B. Given a two-digit sum and a onc- or two-digit addend, the student
subtracts using the standard algorithm. (Li{IT: No regrouping:
sums to 90.)

C. Given a two-digit ad-lend and a onc-digit addend, th- student adds
using the standard algorithm. (LIMIT: Sums tc @ )

D. iiven a two-digit sum and a one-digit addend, the student subtracts
using the standard algorithm.

Unit 32 Time III

A.  “iiven a completed ~lock face with the minute hand at 12, the stu-
dent completes statements of the form " o'clock. "

F.  iiven a completed clock face, the student completes statements of
the form "' minutes past a o'clock. ™ The student completes
the =iatement. "There are minutes in one hour. ™ (LIMIT:

1 throuch 59 past the hour.)

C. “iiven a completed clock face. the stuaent completes statements of
the form minutes before o'clock, ' and ziver a com-
pleted statement. he identifies the appropriate clock face. (TANMIT:
] throuch 30 minutés before the hour,)

1. The stadent coraletes statements of the form,. 7T re arce
mimites in a (ghaster, half) hour. ™ (iven statenients of the forn

a guarter past, a quarter to, or hali past” a spocified hour, the
student selec' s the appropriate clock Jace.
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E.

I

Giiven 2 completed clock face, the student combpletes statemunts of
the form ' minutes past o'clock, " and given a com-
pleted statement, he identifies the appropriate clock face, (LIMIT:
I throush 59 minutes r st the Rowr. )

Given'a completed clock face, the student completes two state-
ments of the form ' minutes past o'clock" and
minutes before o'clock." (LIMIT: 1 through 30 minutes be-
fore the hour.)

Unit 33. Addition and Subtraction--'l\xcii)iait Numt rs III

A.

B.

n.

.

Given an addition or subtraction sxample, the student completes it
using the standard alporithm and writes a corresponding example
using the inverse operation. (LIMIT: Sums *» 99; two one- or two-
digit numerals.)

Givr= = acdditicn or subtraction word problem, the student solves
™ Three one-digit addends or two two-digit addends:

fiyit addend and a oue- or two-divit addend, the stu-
“+ -.6: uling tive standard algorithm an<d checks his answer using
the commutative property. (LIMIT: Sums - 198,)

Chiven a three-digit sum, the student subtracts using the standard
algorithm to find the one- ¢r two-digit difference. (LIMIT: Sums
- lag.

“ilven an addition or subtraction proble-: whose addends are one-
or two-disit, the student golves using the short aluorithm. (LIMIT:

murig _ 19K,

Unir o4, Beginning Decirmals

.
M

C.

(Giiven one of the {ollowing forms, a decimal iraction, word namev,
or common fraction for tenths, the st.dent writes the other two
forms. ' .

iiven anv of the following formi-, a decimnal fraction, word name,
or common fraction for hundredths, the student writes the other
two forms.,

Given a pure decimal fraction. the <iudent writes it in ~xpanded

notation. JTAMIT: - .0 3

49

<3
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Unit 35. Applications [1

A. Given an addition or subtraction sentence illustrating the identity
property of zero, or given a multiplication sentence illustrating the
identity property of zern, the student completes the scntence by
writing the missing adden.| . sum, factor, or product. (LIMIT:
Sums to 99, or one-digit factors.)

B. Given a bar graph, the student answers questicns and solves addi-
tion and subtraction problems based on the graph. (LIMIT: Sums
to 99; one operation per problem.)

C. Given a standard numeral, the student identifies each cxpression
equivalent to it in a list of iitiicated surns, indicated differencoes,
indicated products, indicated gquotients, or Roman numerals.
(LIMIT: One operation per expression; sums to 99; one-digil *ac-
tors; Roman numerals to XX2; multiplication table may be neod
for multiplication and division expressions.)

D. Given a multiplication or division word problem and a multiplication
table, the student writes a completed number senience appropriate
to the solution of the problem. (I.IMIT: One-digit tactors: one
operation per problemi.)

E. Given a word problem and a sct of number sentences, the student
identifies a number sentence appropriate to the solution of the prob-
lem, {(LIMIT: Onc operation per problem: sentence with the unknown
izolated on the right side of the equation. )

F. “iiven two expressions each of which is an indicated sum. difference,
product, or guotient, the student writes -, , or = between then: to
complete the number sentence. (LIMIT: Sums to %% one-digit iac-

srs: one operation per expression: multiplication and division expres-
: ‘ons.) ' '

G. (iiven a word problem, the student writes -, , or = between them
to complete the number sentence. (LIMIT: Sums to 99 one-digit
factors; one operation per expression; a multiplicarion table may e
nsed ior multiplication nd division preblema.)

. itven an addition, subtraction, multiplication, or division senteace,
the stuc-+ completes the sentence and then writes a corresponiing
number sentence for the ir ‘erse operation. (LIMIT: Sums to "
one-digit factors: muliiplication table mav be used tor multiplication

and division ~entences. )

Uni: 34, Numeration/Place Valu

A, ihe srident conpletes stwernents to sadicats an e ones egual one

ten, ten tens egiual one hundred, and ten b < ceual one thousnand.
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B.

Unit

Given a standard numeral, the student writes the digit that is in

the ones', tens', hundreds', or thousands' place or identifies the
place value of a specified digit.

Given a numeral, the student writes it in expanded notation: given
the expanded notation for a numeral, the student writes the standard
numeral.

CGiven a spe rified starting point, the student writes numerals in
ascending cwder in short sequences by ones, fives, ten or hun-
dreds.

Given a numeral, the student writes it in expan-led notation and re-
names it by reurouping from one specified place to another.

Given a number, the student rounds to the nearest ten or hundred.

37. Expanded Addition and Subtraction of Three-Digit Numbers

IR

Given a three- or four-addend addition problem with a missing
addend, the student solves for the missing term. (LIMIT: Single-
digit addends. )

.iiven an addition or subtraction sentence with one- or two-digit
addends and a missing sum or addend, the student completes it.
(LIMIT: Sums to 99: two addends.)

Given any two-addend addition or subtraction problem where
addends are - three digits, the student solves using expanded nota-
tion and regrouping.

(iiven any two-addend addition problem whose addends are = three
digits. the student solves using partial sums.

°3. Addition and Subtraction Using the Short Algorithm

(iiven a three-digit addend and a one-, two-, or thre. -digit addend,
the student adds using the standard algorithm. (LIMIT: Three-
digit sums. )

Cliven addends. the student adds using the standard algorithm.
(LINMIT: Four three-digit addends. ¥

Given addends. the student adds using the standard algorithm.
(T.IMIT: Four four-digit addends: four digit sums.)

Given a three- or four-digit sum and an addend. the student sub-
tracts using the standard algorithm. (LIMIT: Four-digit addends:
no regrouping from hundreds' or thousands' pluc. .}

SR
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E. Given a sum and an addend, the student subtracts using the stand-
ard algorithm. (LIMIT: Three- or four-digit addends; four-
digit sums.)

F. Given an additinn cr subtraction cxample, the student solves using
the standard algorithm and writes a corresponding example using
the inverse operation. (LIMIT: Two four-digit addeuds: foar-
digit sums.)

Unit 39. Multiplication and Division Word Problems zi! Ceen

Sentences

A. Given a division sentence of the form a : D = ¢, the student com-
pletes the sentence. (LIMIT: Onc -digit factors.)

B. Given a division sentence or rxample in which either the divisor or
the quotient is I, the student completes the sentence or example by
writing the missing quotient. divisor, or dividend. (LIMIT: Divi-
dend < 999.)

C. Given a word problem for which division is the app.  riate opera-
tion, the student writes the corresponding division fact and writes
the answer with the appropriate label. (LIMIT: One-digit factors. )

D. Given a word problem for which multiplication is the appropriate
operation, the student writes a corresponding multiplication fact
and writes the answer with the appropriate label. (LIMIT: Two
one-digit factors. )

E. Given a number, the student writes a specified number of basic
muiiiplication facts with the given number as the product. (LIMIT:
Given number must be nonzero product of two one-digit factors. )

Unit 40. Mastery of alultiplication and Division Facts

A. The student demonstrates mastery of the basic facts of multipli-
cation. (LIMIT: One-digit factors: horizontal and vertical form.}

B. The student demonstrates mastery of the basic facts of division.
(LIMIT: One-digit factors: forms b’a, a : b, and a/b.)

C. Given an array partitioned to show the partial products resulting

from the multiplication of a two-digit number by a one-digit num-
ber and given directions for writing a multiplication sentence for
each part of the array, the sum of the partial products, and a mul-
tiplication scntence for ecach part of the array, the sum of the partial
products, and a multiplication senience for the cntire array, the
student writes cach of the sentences and the sum. (LIMIT: Two-
diuit factors less than 20.)
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D. Given multiplication problems, the student writes the multiplicand
in expanded notation and solves it. (LIMIT: 9 x 99.)

E. Given a multiplication example with a two-digit multiplicand and a
one-digit multiplier, the student multiplies using partial preducts.

F. Given a division example with a two-digit dividend and a one-digit
divisor, the student solves using partial quotients. (LIMIT: No
remainder.)

G. Given three one-digit factors, the student multiplies.

F. Given a multiplication example with a three-digit multiplicand and
a one-digit multiplier, the student multiplies using partial products.

I. Given a division example with a threc-digit dividend and a one-digit
divisor, the student solves using partial quotients. (LIMIT: No
remainder. )

. Given mulitiplication example with a two-digit multiplicand and a
one-digit multiplier, the student multiplies using the multiplication
algorithm.

"y

K. Given a multiplication example with a three-digit multiplicand and
a one-digit multiplier, the ctudent raultipnes using the multiplica-
tion algorithm.

Unit 41. Fractions

A. Given a picture of a region or a set of objects partitioned into equiva-
lent parts, the student writes the common fraction for a specified

fractional part. e
v . &; . 2
. Given a common fraction /b and ¢ veral pictures of a region par-

titioned into b congruent partx, th. student shades each region to
illustrate the fraction sv ti'at no two regions look the same.

C. Given a common fraction and a picture of a set of objects, the stu-
dent circles a specified fractional part of the set.

. The student completes statements o. common fractions to tell how
many halves, thirds, fourths, . . . or tenths are ecuivalent to twe
wholes.

E. Given a common fraction greater than or equal to 2, the student
writes the equivalent whole number or mised form with the fraction
less than 1.

.
NN
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